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1 .
Summary.
T h is  t h e s i s  d e s c r i b e s  an  e x p e r i m e n t a l  i n v e s t i g a t i o n  of 
t h e  e l a s t i c  h y s t e r e s i s  and o t h e r  n o n - l i n e a r  e f f e c t s  o c c u r r i n g  
i n  m i ld  s t e e l  a t  s t r e s s e s  f rom  a b o u t  2 t o n / i n ?  up t o  t h e  
y i e l d  p o i n t .  The d e s i g n  and c o n s t r u c t i o n  o f  a  new a p p a r a t u s  
f o r  making m easurem ents  of  t h e s e  q u a n t i t i e s  i s  a l s o  d e s c r i b e d .
An im p o r t a n t  f e a t u r e  of  t h i s  equipment  i s  t h a t  t h e  
a b s o l u t e  shape  of  t h e  h y s t e r e s i s  lo o p  f o r  a  b e n d in g  spec im en  
i s  o b t a i n e d  and n o t  m e r e ly  t h e  a r e a  or  s t r a i n  w i d t h .  Due
t o  t h i s  f e a t u r e  m easurem ents  can  a l s o  be made o f  t h e  
d e p a r t u r e  f rom  t r u e  l i n e a r i t y  i n  t h e  s t r e s s - s t r a i n  d ia g ra m  
of t h e  m a t e r i a l  f o r  a  s i n g l e  l o a d i n g .
The r e s u l t s  o b t a i n e d  on a  few m ild  s t e e l  specim ens 
a g r e e  w e l l  w i t h  t h o s e  o b t a i n e d  by  o t h e r  i n v e s t i g a t o r s  i n  so 
f a r  a s  t h e y  a r e  d i r e c t l y  c o m p a ra b le .  A r e m a r k a b le  f e a t u r e  
of  t h e  e x p e r i m e n t a l  r e s u l t s . i s  t h a t  f o r  m o d era te  s t r e s s  
r a n g e s  t h e  main c u r v a t u r e  i n  t h e  h y s t e r e s i s  lo o p  o c c u r s  i n  
^ke u n lo a d i n g  p a r t  of  t h e  s t r e s s  c y c l e .  A l th o u g h  t h i s  i s  i n  
c o n t r a d i c t i o n  w i t h  t h e  t a c i t l y  a c c e p t e d  form  of t h e  lo op  
i t  i s  shown t h a t  i t  does i n  f a c t  a g r e e  w i t h
(1)  t h e  a c c e p t e d  r e l a t i o n s h i p  be tw een  e n e rg y  d i s s i p a t i o n
and s t r e s s  a m p l i t u d e .
( 2 ) t h e  o b se rved  r e s u l t s  f o r  t h e  d e v i a t i o n  f rom  t r u e
l i n e a r i t y  i n  & s i n g l e  l o a d i n g .
( 3 ) t h e  h y p o t h e s i s  t h a t  e l a s t i c  h y s t e r e s i s  i s  due t o  p l a s t i c
f low  o c c u r r i n g  a t  numerous d i s c o n t i n u i t i e s  i n  t h e  b u l k
of t h e  m a t e r i a l .
A m a th e m a t i c a l  s e c t i o n  d e a l s  w i t h  t h e  p ro b lem  of 
d e t e r m i n i n g  t h e  damping c o e f f i c i e n t  of a u n i f o r m ly  s t r e s s e d  
m a t e r i a l  f rom  t h e  e x p e r i m e n t a l  r e s u l t s  o b t a i n e d  on a  spec im en  
h a v in g  an a r b i t r a r y  s t r e s s  d i s t r i b u t i o n .
S in ce  t h e  p r e p a r a t i o n  of  t h i s  t h e s i s  a  d e s c r i p t i o n  of 
t h e  a p p a r a t u s  t o g e t h e r  w i t h  some p r e l i m i n a r y  r e s u l t s  h a s  b een  
p u b l i s h e d  i n  E n g in e e r i n g  p . 141, Volume 177, (1 9 5 4 ) .
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1•1  H is t o r i c a l  r e v ie w .
Damping c a p a c ity  or e l a s t i c  h y s t e r e s i s ,  hy w hich  
we mean th a t  p ro p erty  whereby a m eta l d i s s ip a t e s  m echan ical 
energy when su b je c t  to  s t r e s s  f lu c t u a t io n s . ,  has been  
s tu d ie d  by e n g in e er s  and p h y s i c i s t s  s in c e  th e  m iddle df 
th e  l a s t  c e n tu r y . The f i r s t  major paper on th e  su b je c t  
i s  prob ab ly  th a t  o f lo r d  K e lv in  ( 1 ) , g iv e n  in  th e  
P ro ceed in g s o f th e  R oyal S o c ie t y ,  V o l. 1 4 , 1865 . The 
d is c o v e r y  o f  f a t ig u e  phenomena in  m e ta ls  b tim u la te d  a 
g r ea t d e a l o f r e se a r c h  on damping c a p a c ity  s in c e  i t  was 
r ec o g n ize d  th a t  a machine p art havin g  a h ig h  damping 
c a p a c ity  would incur low er s t r e s s e s  when running through  
a * c r i t i c a l  sp ee d . S eco n d ly , i t  was hoped th a t  s tu d ie s  o f  
damping c a p a c ity  would e lu c id a te  th e  natu re  o f th e  fa t ig u e  
p r o c e ss  and p o s s ib ly  p rov id e  a r a p id  method o f d eterm in in g  
th e  endurance l im it  o f m a te r ia ls .  T his work -  c a r r ie d  on
from about 1890 to  1920 -  was on ly  p a r t i a l l y  s u c c e s s f u l  in
i t s  main o b j e c t iv e s ,  but y ie ld e d  a g r e a t  d e a l o f in fo rm a tio n  
on damping c a p a c ity  i t s e l f .  This p e r io d  a ls o  produced th e  
b a s ic  exp erim en ta l tec h n iq u es  fo r  th e  measurement o f damping 
c a p a c ity , w ith  th e  obvious e x c e p tio n  of th o se  in v o lv in g  
e le c t r o n ic  methods •
S in ce  about 1920 damping r e se a r c h  has proceeded on 
two complementary l in e s  d e a lin g  w ith  low s t r e s s e s  (up to  
sa y  100 l b / i n ? ) ,  and m oderate s t r e s s e s  (up to  near th e  
y ie ld  p o in t o f th e  m a te r ia l)  r e s p e c t iv e ly .
1 .2  Damning c a p a c ity  a t  low s t r e s s e s .
Damping c a p a c ity  a t  low s t r e s s e s  has been s tu d ie d
on a p h y s ic a l  b a s is  n o ta b ly  by Zener (16) and h is  co -w o rk ers.
jL Humbers in  p a ren th eses r e f e r  to  b ib lio g r a p h y  on page 5 2 .
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I t  i s  fo u nd  t h a t  damping can  he  r e l a t e d  t o  v a r i o u s  
r e l a x a t i o n  p r o c e s s e s  -  t h e r m a l ,  m a g n e t i c ,  e t c .  i f , f o r
exam ple ,  a  t e n s i l e  l o a d  i s  a p p l i e d  to  a  r o d  t h e  r e s u l t a n t  
i n c r e a s e  i n  l e n g t h  i s  accom panied  by a  f a l l  i n  t e m p e r a t u r e  
and i f  t h e  l o a d  i s  m a i n t a i n e d  a  f u r t h e r  i n c r e a s e  i n  l e n g t h  
w i l l  occur  when t h e  t e m p e r a t u r e  of t h e  r o d  a g a i n  r i s e s  t o  
room t e m p e r a t u r e .  A pp ly ing  t h i s  r e a s o n i n g  m a t h e m a t i c a l l y  
t o  t h e  c a se  of  an  a l t e r n a t i n g  l o a d  l e a d s  t o  t h e  r e s u l t  t h a t  
t h e  a l t e r n a t i n g  e x t e n s i o n  l a g s  s l i g h t l y  b e h in d  t h e  l o a d  
t h u s  g i v i n g  r i s e  t o  t h e  damping e f f e c t .
A s i g n i f i c a n t  f e a t u r e  of  t h i s  t y p e  of  damping i s  
t h a t  t h e  damping c o e f f i c i e n t  -  t h e  p r o p o r t i o n  o f  t h e  
maximum s t r a i n  e n e r g y  d i s s i p a t e d  d u r i n g  each  s t r e s s  e y c l e  -  
i s  in d e p e n d e n t  of t h e  s t r e s s  a m p l i tu d e  and d ep en d e n t  on t h e  
s t r e s s  f r e q u e n c y .
1 .3  Damning c a p a c i t y  a t  m od e ra te  s t r e s s e s  .
R e s u l t s ,  v e r y  d i f f e r e n t  f rom  those  q u o ted  abo v e ,  have  
b e e n  o b t a i n e d  i n  i n v e s t i g a t i o n s  of  damping c a p a c i t y  a t  
m o d era te  s t r e s s e s .  I n  t h i s  s t r e s s  r e g i o n  i t  i s  found  t h a t  
t h e  damping c o e f f i c i e n t s  a r e  h i g h l y  d e p en d en t  o n t h e  s t r e s s  
a m p l i t u d e ,  and p r a c t i c a l l y  in d e p e n d e n t  of  t h e  s t r e s s  
f r e q u e n c y .  Dorey  ( 9) found  damping c o e f f i c i e n t s  v a r y i n g  by 
a s  much as  t h e  e i g h t h  power of  t h e  s t r e s s  a m p l i t u d e .
Rowett  (3) found  ag reem en t  be tw een  t h e  r e s u l t s  of  s t a t i c  
e x p e r im e n t s  and t h o s e  c a r r i e d  out  a t  over  2000  c . p . m . , b u t  
i t  sho u ld  be  n o ted  t h a t  t h e  c o r r e s p o n d e n c e  of  two t e s t s  a t  
d i f f e r e n t  f r e q u e n c i e s  - and a s t a t i c  t e s t  does have a r e a l  
f r e q u e n c y  however  low -  does not n e c e s s a r i l y  p rove  t h e  
damping c o e f f i c i e n t  t o  be i n d e p e n d e n t  of f r e q u e n c y .
R e f e r e n c e  t o  t h e  f r o n t i s p i e c e  i n  Z e n e r ’s book shows t h a t  a  
p l o t  of damping c o e f f i c i e n t  v f r e q u e n c y  has  many peaks  and 
v a l l e y s  when th e  damping c o e f f i c i e n t s  due to  v a r i o u s  
r e l a x a t i o n  p r o c e s s e s  a r e  c o n s i d e r e d  and t h u s  s i m i l a r
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c o e f f i c i e n t s  c o u ld  "be o b t a i n e d  a t  w i d e l y  d i f f e r e n t  
f r e q u e n c i e s .
These  p o i n t s  o f  d i f f e r e n c e  be tw een  damping e f f e c t s  a t  
low and a t  m od e ra te  s t r e s s e s  have  b e e n  d e a l t  w i t h  i n  a  
r e c e n t  r e p o r t  by  L i n a c r e  ( l ^ ) *  The work d e s c r i b e d  i n  t h i s  
t h e s i s  i s  c o n f i n e d  t o  c o n s i d e r a t i o n s  of  t h e  damping e f f e c t s  
o c c u r r i n g  i n  m i ld  s t e e l  a t  m o d e ra te  s t r e s s e s  and a t  room 
t e m p e r a t u r e .
2 .1  The measurement  of damping c a p a c i t y .
B e f o re  c o n s i d e r i n g  t h e  v a r i o u s  methods w hich  have  been  
d e v i s e d  f o r  t h e  measurement  of  damping e f f e c t s  i t  i s  
i m p o r t a n t  t o  e s t i m a t e  t h e  g e n e r a l  m agn i tude  of t h e  q u a n t i t i e s  
c o n c e r n e d .  F i g u r e  2 . 1  shows, g r e a t l y  e n l a r g e d ,  a n  e l a s t i c  
h y s t e r e s i s  lo o p  ABCD, t h e  a r e a  of  t h i s  loo p  r e p r e s e n t i n g  t h e  
amount of  e n e rg y  d i s s i p a t e d  p e r  s t r e s s  c y c l e .  The damping 
c o e f f i c i e n t  i s  d e f i n e d  a s  t h e  r a t i o  of t h i s  e n e rg y  l o s s  
p e r  c y c l e  to  t h e  t o t a l  s t r a i h  e n e rg y  s t o r e d  i n t h e  specim en 
a t  t h e  i n s t a n t  o f  maximum s t r e s s ,
Loop a r e a
i . e .  Damping c o e f f i c i e n t  D = Area  o f  AOAF
Many o t h e r  methods have  be en  used  f o r  t h e  e x p r e s s i o n  
o f  damping c a p a c i t y  v a l u e s  t h e s e  b e in g  based  e i t h e r  on t h e  
method by  w h ic h ,  or  t h e  p u rp o se  f o r  w h ich ,  t h e  r e s u l t s  were  
o b t a i n e d .  I t  w i l l  be n o t i c e d  t h a t  t h e  c o e f f i c i e n t  D 
t a k e s  a c c o u n t  of t h e  e l a s t i c  modulus and t h u s  makes f o r  e asy  
p r a c t i c a l  com par isons  be tw een  v a r i o u s  m a t e r i a l s .
As r e g a r d s  m agni tude  of t h e  h y s t e r e s i s  lo o p  we can  
assume f o r  a  g e n e r a l  d i s c u s s i o n  t h a t  D w i11 be o f  t h e  
o r d e r  0 . 0 1 .  Common v a l u e s  f o r  s t e e l  r a n g e  f rom a b o u t  0 .0 0 1  
up t o  p o s s i b l y  0 .1  a t  h i g h  s t r e s s e s  n e a r  t h e  y i e l d  p o i n t .
Fo r  an  e s t i m a t e  of t h e  d im e n s io n s  of  t h e  loop  c o n s i d e r
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a  s t e e l  sample s u b j e c t e d  t o  a n  a l t e r n a t i n g  t e n s i l e  s t r e s s
o f  -  2 0 ,0 0 0  l b / i n ?  and h a v in g  D = 0 . 0 1  a s  assumed a b o v e .
T o t a l  s t r a i n  e n e rg y  a t  i n s t a n t  o f  2„ f
maximum s t r e s s  2 E
= 6 .6 6  l b . i n / i n ?
■m
• • E nerg y  d i s s i p a t i o n  p e r  c y c l e  ® loo p  a r e a
= D x  6 .6 6  =3 0 . 0 7  l b . i n / i n ?
The s t r e s s  d i f f e r e n c e  a t  z e r o  s t r a i n ,  A f , c an  be e s t i m a t e d  
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2 . 2  V a r i a b l e s  known t o  a f f e c t  t h e  damping c o e f f i c i e  n t .
The damping c o e f f i c i e n t  of m e t a l s  i s  known t o  be
d e p en d en t  on a  number of  v a r i a b l e s .  The more i m p o r t a n t
o f  t h e s e  a r e
(a )  S t r e s s  a m p l i t u d e : -  T h is  i s  p r o b a b l y  t h e  most 
im p o r t a n t  v a r i a b l e  i n  t h e  m odera te  s t r e s s  r a n g e .  
G e n e r a l l y  sp e a k in g  t h e  damping c o e f f i c i e n t  r i s e s  w i t h  
i n c r e a s i n g  s t r e s s  a m p l i t u d e ,  and a t  h i g h  s t r e s s e s  t h i s  
i n c r e a s e  i s  v e r y  r a p i d .
(b)  S t r e s s  h i s t o r y : -  I t  i s  known t h a t  damping
c o e f f i c i e n t s  depend no t  o n ly  on t h e  i n s t a n t a n e o u s
s t r e s s  a m p l i tu d e  b u t  a l s o  on t h e  p r e v i o u s  s t r e s s  h i s t o r y  
of  t h e  spec im en .
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In f a t ig u e  t e s t s  q u ite  marked changes in  damping 
c a p a c ity  have “been noted  a s th e  t e s t  p r o c e e d s , and 
th e s e  are not c o n fin ed  to  th e  p er io d  j u s t  b e fo r e  
f r a c tu r e  when th e  specim en g e t s  v ery  warm. D orey  
a ls o  found an in c r e a se  in  damping c o e f f i c i e n t s  when 
th e  specim en had p r e v io u s ly  been load ed  above a  
c r i t i c a l  s t r e s s .
(c )  T em peratures- L ike o th er  m echan ica l p r o p e r t ie s  
su ch  as s tr e n g th , d u c t i l i t y  e t c . ,  damping c a p a c ity  
v a r ie s  w id e ly  w ith  th e  tem perature o f th e  t e s t  
sp ecim en .
(d) S u rface  f i n i s h  o f th e  sp ec im en s- Some 
in v e s t ig a t o r s  have found th e  damping v a lu e s  to  be 
a f f e c t e d  by th e  su r fa c e  f i n i s h  o f th e  specim ens u sed , 
h ig h ly  p o lish e d  specim ens g e n e r a l ly  g iv in g  low er  
damping c o e f f i c i e n t s  than th o se  h avin g  a poorer s u r fa c e .
2 .3  E xp erim en ta l methods fo r  th e  measurement o f damning 
c a p a c ity .
2 .3 1  S t a t i c  p lo t t in g  o f th e  h y s t e r e s is  lo o p s -
T his i s  probab ly  th e  most obvious method o f m easuring  
damping c a p a c it ie s  p rovided  th a t  we can assume th e  damping 
e f f e c t  to  be independent o f fre q u en cy . When, how ever, we 
c o n sid er  th e  magnitude o f th e  h y s t e r e s is  lo o p s to  be 
measured we f in d  th a t ex trem ely  a ccu ra te  -  not m erely  
d e l ic a t e  -  apparatus would be r e q u ir e d . R e fe r r in g  to  
our p rev io u s c a lc u la t io n  (p a ra . 2 .1 )  we se e  th a t  th e  s t r a in  
w id th  o f a t y p ic a l  loop  i s  on ly  a few p a r ts  per m i l l io n .
S in ce  th e  b e s t  m echan ical and o p t ic a l  ex ten som eters a v a i la b le  
have a s t r a in  s e n s i t i v i t y  l im it  o f about 10~^ th e  
s tr a ig h tfo r w a r d  use of a normal extensom eter can o n ly  g iv e  
r e l i a b l e  in d ic a t io n s  o f v ery  la r g e  h y s t e r e s is  lo o p s such  
a s th o se  occu rrin g  a t  h ig h  s t r e s s e s .  I t  i s  o f some in t e r e s t
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t o  n o t e  t h a t  B a i r s to w  (2 ) ,  u s i n g  t h i s  m e tho d ,  c o n c lu d e d  t h a t  
h y s t e r e s i s  l o o p in g  o n ly  o c c u r r e d  above t h e  en d u ra n ce  l i m i t  
of  t h e  m a t e r i a l .  These  rem a rk s  a l s o  a p p l y  to  t h e  
i n g e n i o u s  machine  d e s c r i b e d  by  S a r a n  (16) i n  w h ich ,  by  an  
a r r a n g e m e n t  of m i r r o r s ,  t h e  h y s t e r e s i s  lo op  of  a  t o r s i o n a l  
f a t i g u e  spec im en  i s  t r a c e d  by  a s p o t  of  l i g h t  f a l l i n g  on a  
g round  g l a s s  s c r e e n .
R o w e t t ,  (and l a t e r  D o r e y ) ,  used  an  a p p a r a t u s  i n  w h ic h  
t h e  damping c a p a c i t y  of  t o r s i o n a l  specim ens was d e te r m in e d  
by  m e a s u r in g  t h e  w i d t h  o f . t h e  h y s t e r e s i s  lo o p s  a t  v a r i o u s  
s t r e s s  l e v e l s .  S t r a i n s  were  deduced  f rom t h e  r o t a t i o n  of 
m ic ro m e te r  sc rew s which  were  a d j u s t e d  t o  g i v e  n u l l  r e a d i n g s  
on h i g h  q u a l i t y  s p i r i t  l e v e l s .  Loads were  deduced f rom  
t h e  s t r a i n  of a  b a r ,  c o n n e c te d  i n  s e r i e s  w i t h  t h e  sp e c im en ,  
and assumed to  be p e r f e c t l y  e l a s t i c .  I n c i d e n t a l l y ,  t h i s  
i s  a  s y s te m  which d i s p r o v e s  t h e  a s s u m p t io n ,  sometimes made, 
t h a t  t h e  lo w e s t  o f  a  s e t  o f  damping r e a d i n g s  i s  t h e  most 
a c c u r a t e .  I n  t h e  ex trem e  c a se  where  t h e  m ea su r in g  b a r  was 
i d e n t i c a l  w i t h  t h e  spec im en  no h y s t e r e s i s  l o o p i r g  would be 
o b s e r v e d .
As r e g a r d s  t h e  e f f e c t s  o f  s t r e s s  h i s t o r y  t h i s  can  be 
a r b i t r a r i l y  c ho sen  i n  a  s t a t i c  m ach ine .  On t h e  o t h e r  
hand  t h e  u s u a l  s low o p e r a t i o n  of  s t a t i c  machine s makes 
them u n s u i t a b l e  f o r  t h e  a p p l i c a t i o n  of  l a r g e  numbers of 
s t r e s s  c y c l e s  su ch  a s  t h e  f a t i g u e  l i f e  of a  spec im en .
2 .3 2  The measurement o f  t h e  ene rg y  i n p u t  r e q u i r e d  t o
m a i n t a i n  s t e a d y  s t r e s s  v a r i a t i o n s  -  t h e  method of  
l a t e r a l  d e f l e c t i o n .
The measurement o f  t h e  en e rg y  r e q u i r e d  t o  m a i n t a i n  
a  spec im en  i n  a  s t a t e  o f  s t e a d y  a l t e r n a t i n g  s t r e s s  o f f e r s  
a  r e a d y  means of  f i n d i n g  t h e  v a r i a t i o n  i n  damping c a p a c i t y  
d u r i n g  t h e  f a t i g u e  l i f e  of a sp ec im en .  P r o b a b l y  t h e  basst
m e c h a n i c a l  method of making t h i s  m easurement  i s  t h a t  d e v i s e d  
by  E aso n  ( 4 ) .  The p r i n c i p l e  of  t h i s  method ( s e e  P i g .  2 . 3 2 ) 
i s  t h a t  d u r i n g  a Wohler  f a t i g u e  t e s t  t h e  l o a d i n g  b e a r i n g  i s  
d i s p l a c e d  t r a n s v e r s e l y  a s  w e l l  a s  v e r t i c a l l y  f r o m  t h e  
a x i s  o f  r o t a t i o n  of t h e  d r i v i n g  c h u ck .  T h is  d i s p l a c e m e n t  
t  i s  s u c h  t h a t
Damping work done on specim en p e r  r e v o l u t i o n
2 *77'' P x  t5* .
R e c e n t  p a p e r s  by  Lazan and Lazan and Wu ( 1 8 ) d e s c r i b e  
a  m o d i f i c a t i o n  of  t h i s  method overcoming some o f  t h e  
e x p e r i m e n t a l  d i f f i c u l t i e s .  They have  o b t a i n e d  i n t e r e s t i n g  
d a t a  on t h e  v a r i a t i o n  o f  damping c a p a c i t y  and e f f e c t i v e  
modulus of  e l a s t i c i t y  d u r i n g  t h e  f a t i g u e  l i f e  of  m i ld  s t e e l  
s p e c i m e n s .
2 .3 3  C a l o r i m e t r i c  m e t h o d s . The measurement  of t h e  
h e a t  p roduced  by  a spec im en  s u b j e c t e d  t o  a  s t e a d y  
a l t e r n a t i n g  s t r e s s  p r o v i d e s  a  method f o r  t h e  d e t e i m i n a t i o n  
of damping c a p a c i t i e s .  I t  i s ,  however ,  q u e s t i o n a b l e  
w h e th e r  a l l  t h e  damping work done on t h e  spec im en  i s  
t r a n s f o r m e d  i n t o  h e a t ,  p a r t i c u l a r l y  n e a r  t h e  b e g in n i n g  of 
a  t e s t  r u n  when t h e  damping c o e f f i c i e n t  i s  known t o  v a r y  
w i t h  t h e  number of  c y c l e s  of s t r e s s .  I n  a d d i t i o n  i f ,  t o  
f a c i l i t a t e  m easurem ent ,  t h e  spec im en  i s  a l lo w e d  to  become 
warm t h e  t e m p e r a t u r e  change may i n f l u e n c e  t h e  r e s u l t s  
o b t a i n e d .
2 .3 4  V i b r a t i o n  decay  m e th o d s . The most w i d e ly  used 
method of  damping c a p a c i t y  measurement i s  p r o b a b l y  t h a t  
b a s e d  on o b s e r v a t i o n s  of t h e  r a t e  of  decay  of m e c h a n ic a l  
v i b r a t i o n  of  a sy s te m  i n  which t h e  spec im en  i s  t h e  main 
e l a s t i c  member. A comm erc ia l  a p p a r a t u s  h a s  been  p rod u ced  
f o r  c a r r y i n g  ou t  t e s t s  of  t h i s  ty p e  ( 1 2 ) .
A s e r i o u s  d i s a d v a n t a g e  of  t h i s  method i s  t h a t  t h e  
s t r e s s  h i s t o r y  of  t h e  spec im en can no t  be a r b i t r a r i l y  chosen
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amd t h i s  l i m i t s  t h e  use of  t h i s  method f o r  f u n d a m e n ta l  
r e s e a r c h  o t h e r  t h a n  i n  t h e  low s t r e s s  r a n g e ,
3 •1  A p p a r a tu s  d e v e lo p e d  d u r i n g  t h e  p r e s e n t  r e s e a r c h .
I f  we examine t h e  v a r i o u s  methods o f  damping measurement  
o u t l i n e d  i n  S e c t i o n  2 we f i n d  t h a t  w h i l e  a l l  a r e  c a p a b le  o f  
g i v i n g  i n f o r m a t i o n  on t h e  a r e a  of  t h e  h y s t e r e s i s  l o o p ,  
i . e .  t h e  e n e rg y  d i s s i p a t e d  p e r  c y c l e ,  none a r e  c a p a b le  a t  
m o d e ra te  s t r e s s e s  o f  g i v i n g  o b s e r v a t i o n s  of  t h e  lo o p  s h a p e .  
R o w e t t ' s  r e s u l t s  a r e  o f t e n  r e f e r r e d  t o  as  d e t e r m i n i n g  t h e  
lo o p  shape  b u t  h i s  o b s e r v a t i o n s  a r e  o f  lo o p  w id th s  a t  
v a r i o u s  s t r e s s  l e v e l s  which  a r e  t h e n  assumed to  l i e  
s y m m e t r i c a l l y  on e i t h e r  s i d e  of  an e l a s t i c  l i n e .
I t  i s  f e l t  t h a t  o b s e r v a t i o n s  of  t h e  t r u e  shape of  
t h e  h y s t e r e s i s  lo o p  c o u ld  h e l p  i n  an  u n d e r s t a n d i n g  of t h e  
n a t u r e  of  th e  dam ping  p r o c e s s  and t h e  a b i l i t y  t d  make 
o b s e r v a t i o n s  of t h i s  k in d  i s  t h e  main f e a t u r e  o f  t h e  
a p p a r a t u s  d e v e lo p e d  i n  t h e  p r e s e n t  r e s e a r c h .  I n  
a d d i t i o n  t h i s  a p p a r a t u s  p e r m i t s  t h e  measurement  of t h e  s m a l l  
d e p a r t u r e s  f rom t r u e ■l i n e a r i t y  w h ich  occur  i n  t h e  n o m in a l ly  
e l a s t i c  p o r t i o n  of t h e  s t r e s s  s t r a i n  d iag ra m  of a  s t e e l  
spec im en  d u r i n g  a  s i n g l e  s t a t i c  l o a d i n g .
B a s i c a l l y  t h e  lo o p  shape  i s  found  by p l o t t i n g  
s t a t i c a l l y  o b se rv e d  p o i n t s .  The c h i e f  d i s a d v a n t a g e  of  
t h e  equipment  i s  i t s  s low ness  of  o p e r a t i o n ,  a b o u t  one 
m in u te  b e in g  r e q u i r e d  f o r  each  p l o t t e d  p o i n t  and t h i s  
amounts to  a b o u t  10 m in u te s  p e r  c y c l e  o f  s t r e s s  i f  
r e a s o n a b l e  a c c u ra c y  of  shape  i s  to  be a t t a i n e d .  The 
spec im en  used  i s  s u b j e c t e d  t o  a u n i fo rm  b e n d in g  moment and 
t h e  o r d e r  o f  a c c u r a c y  i s  su c h  t h a t  n o n - l i n e a r i t i e  s i n  t h e  
s t r e s s  s t r a i n  d iag ra m  of a s  l i t t l e  a s  1 l b / i n ?  a r e  
d e t e c t a b l e .
3 .2  B a s ic  - p r i n c i p le s  of o p e r a t i o n .  The main e lem en ts
of  t h e  a p p a r a t u s  used  a r e  shown i n  F i g .  g . 2 . 1 .  A spec im en  A
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s u b j e c t e d  t o  a  b e n d in g  a c t i o n  i s  c lamped a t  i t s  low er  end 
t o  a r i g i d  b a s e .  R i g i d l y  clamped t o  t h e  upper  end of  t h e  
spec im en  i s  a heavy  i n v e r t e d  pendulum 3 ,  h a v in g  a  w e i g h t  W 
e f f e c t i v e l y  c o n c e n t r a t e d  a t  a  d i s t a n c e  y f rom  t h e  m i d - p o i n t  
o f  t h e  sp e c im en .  The whole  sys tem  i s  d e f l e c t e d  t o  an  
a n g le  9 f rom  i t s  i n i t i a l  v e r t i c a l  p o s i t i o n  by t h e  
a p p l i c a t i o n  of a n  e x t e r n a l  moment m.
C o n s i d e r in g  t h e  s t a t i d  e q u i l i b r i u m  of t h e  sy s te m  we 
se e  t h a t
R e s i s t i n g  moment o f  spec im en  = T o t a l  c lo c k w is e  moment on
pendulum 
= ¥ y  s i n  0 -** m
a l s o
R e s i s t i n g  moment o f  spec im en  « L i n e a r  p a r t  p r o p o r t i o n a l  t o
© -h n o n - l i n e a r  p a r t s  g i v i n g  
h y s t e r e s i s ,  c r e e p ,  e t c .
* k©. P (©)
where  k = nom ina l  f l e x u r a l  s t i f f n e s s  of spec im en  ( l b . i n / r a d )
]?(©) s n o n - l i n e a r  f u n c t i o n  of  © w hich  i s  t o  be 
d e t e r m i n e d .
I n s e r t i n g  t h e s e  v a l u e s  i n  t h e  o r i g i n a l  e q u a t i o n  
k© -+~ R(©) - ¥ y  s i n  © ■+- m
and i f  we r e p l a c e  s i n  © by ©
m * ( k  -  ? y )  6  +- F ( G)  ...........   ( 1 )
By a r r a n g i n g  ¥ y  k we can re d u c e  t h e  l i n e a r  p a r t  
o f  t h e  r e s i s t i n g  moment e q u a t i o n  to  a  v e ry  s m a l l  p r o p o r t i o n  
of i t s  o r i g i n a l  v a l u e ,  ]?(©) how ever ,  r em a in s  unchanged i n  
m agn i tude  and t h u s  o b s e r v a t i o n s  of m c o n t a i n  t h e  f u n c t i o n  
R(©) a s  a  f i r s t  o r d e r  q u a n t i t y .  The a s s u m p t io n  
© * sin© i s  v a l i d  f o r  s m a l l  v a l u e s  o f  ©. Ror l a r g e r  v a lu e s  
t h e  e r r o r  i n v o lv e d  i s  e a s i l y  c a l c u l a b l e .
As an  example c o n s i d e r  a specimen h a v in g  a s t i f f n e s s  k 
of  10G l b  . i n / r a d i a n ,  d e f l e c t e d  th r o u g h  an  a n g le  =f= 0 .0 1  r a d i a n s
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and h a v in g  a damping c o e f f i c i e n t  I) of  0 . 0 1 .  The p eak  
moment on t h e  specim en  i s  100 x  0 .0 1  s 1 l b . i n .  and
p r o c e e d i n g  a s  i n  p a r a .  2 .1  t h e  moment d i f f e r e n c e  a t
z e r o  d e f l e c t i o n  i s  0 .0 0 3 7 5  l b . i n .  Thus i n  a  s t r a i g h t f o r w a r d  
s t r e s s - s t r a i n  t e s t  we sh o u ld  have  t o  m easure  a c c u r a t e l y  -
t o  s a y  \% -  a  q u a n t i t y  s l i g h t l y  l e s s  t h a n  2 /1 0 0 0  o f  t h e  f u l l
d e f l e c t i o n  r a n g e .
I f ,  how ever ,  t h i s  specim en  i s  s e t  up i n  t h e  a p p a r a t u s  
o u t l i n e d  above w i t h  ¥ y  a d j u s t e d  t o  99*5  l b . i n .  -  a  v a lu e  
q u i t e  e a s i l y  a t t a i n e d  i n  p r a c t i c e  -  t h e  maximum a p p l i e d  
moment m would be r e d u c e d  t o  (100  -  9 9 *5 )0*01  s  0 .0 0 5  l b . i n .  
The moment d i f f e r e n c e  ^ m  would r e m a in  unchanged and t h e  
c o m p le te  d iag ra m  of m v .  9 i s  shown i n  R i g .  3*2.2 i n  
w h ich  t h e  h y s t e r e s i s  lo o p  i s  a p rom in en t  p a r t  of t h e  f i g u r e .
As r e g a r d s  measurement of  t h e  h y s t e r e s i s  lo op  t h e  
moment m w i l l  be much s m a l l e r  t h a n  t h e  f u l l  moment a p p l i e d  
tfc t h e  spec im en  b u t  on t h e  o t h e r  hand t h e  r e l a t i v e  a c c u r a c y  
of measurement  need  n o t  be e x c e p t i o n a l l y  h i g h .
3•3  Lead ing  d im e n s io n s  of a p p a r a t u s .
The b a s i c  d im e n s io n s  of an  a p p a r a t u s  of  t h i s  type- a r e  
t h o s e  o f  t h e  pendulum and spec im en .  I f  t h e  specim en i s  
s m a l l  i t  w i l l  be d i f f i c u l t  t o  machine and i n  a d d i t i o n  t h e  
moment m: w i l l  be  v e r y  s m a l l  i n d e e d .  I f  on th e  o th e r  
hand t h e  spec im en i s  l a r g e  t h e  pendulum would a l s o  have  to  
be  l a r g e  and c o n s e q u e n t ly  d i f f i c u l t  t o  h a n d l e .  T h is  i s  
of  some im p o r ta n c e  a s  i t  i s  d e s i r a b l e  t o  mount t h e  
pendulum by hand a f t e r  t h e  specimen h a s  b e e n  i n s e r t e d  i n  
t h e  a p p a r a t u s .
A 1 H s q u a re  s t e e l  b a r  abou t  4 f e e t  long  was u sed  f o r  
t h e  pendulum and t h i s  t o g e t h e r  w i t h  an  a d j u s t a b l e  bob w e ig h t  
g i v e s  a  v a lu e  of a b o u t  $90 l b . i n .  f o r  t h e  p r o d u c t  Wy, t h u s  
f i x i n g  a f l e x u r a l  s t i f f n e s s  of a b o u t  $00 l b . i n / r a d i a n  f o r  
t h e  sp e c im en .  I n  a d d i t i o n  t h e  specim en sh o u ld  a l s o  s a t i s f y
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th e  c o n d it io n s  th a t
( l )  th e  e f f e c t i v e  le n g th  i s  sm a ll compared w ith  th e  
le n g th  o f th e  pendulum. T h is en su res u n ifo r m ity  
o f  th e  bending moment a lo n g  th e  sp ecim en , 
and (2 ) in  a s t e e l  specim en a rea so n a b ly  h ig h  bending s t r e s s  -  
sa y  20 t o n s / in ?  -  can be a t ta in e d  w ith  a sm a ll 
an gu lar  d e f l e c t io n  -  say  0 .0 5  r a d ia n s .
These v a r io u s  c o n d it io n s  are s a t i s f i e d  by th e  specim en shown 
in  3? ig . 3 . 3 * The “w orking se c t io n "  i s  2 ® lon g  and a 2 ® 
le n g th  o f un iform  r ec ta n g u la r  s e c t io n  i s  l e f t  a t each end 
fo r  c lam p in g .
3*4 G eneral d e s c r ip t io n  o f com plete a p p a ra tu s .
The upper fram e-work and working p a r ts  o f th e  
apparatus a re  shown in  P la te  1 . This upper frame i s  
su pp orted  on l e v e l l i n g  screw s w hich bear on a low er s tr u c tu r e  
b a ite d  to  th e  c o n c re te  f l o o r .  B oth th e  upper and lower 
fram es are b u i l t  up from  standard  r o l le d  s e c t io n s  w ith  
w elded j o in t s  th ro u g h o u t.
The low er end o f  th e  specim en i s  clamped to  a p i l l a r  
w elded in to  th e  upper fram e. The upper end of th e  
specim en i s  clamped to  a b lo ck  ca rry in g  a h o r iz o n ta l  arm 
w hich was used during th e  developm ent of th e  a p p ara tu s.
The pendulum i s  a l s o  clamped to  t h i s  b lo c k  -  clam ping a t  
t h i s  p o in t  b e in g  e f f e c t e d  by a screw  -  operated  cam.
3 • 51 Load and str a ifa  measurements .
The measurement o f th e  pendulum d e f le c t io n s  and o f  th e  
a s s o c ia te d  sm a ll moments m has proved by fa r  th e  most 
d i f f i c u l t  p art in  th e  developm ent o f t h i s  equipm ent. S e v e r a l  
d if f e r e n t  system s (d e sc r ib ed  b r i e f l y  in  S e c tio n  7 ) were t r ie d  
and found u n s a t is fa c to r y ,  but th e s e  p re lim in a ry  a ttem p ts  
g&ve an in d ic a t io n  o f th e  req u irem en ts o f a s u i ta b le  load  and 
d e f le c t io n  m easuring sy stem , which are as f o l lo w s ; -
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(X) The t o t a l  r a n g e  of  moment m r e q u i r e d  i s  a b o u t  
0 ,2  l b . i n .  and i f  p o s s i b l e  r e a d i n g s  sh o u ld  be  a c c u r a t e  
t o  a b o u t  l / 500 t h  p a r t  of  t h i s .
(2) O b s e r v a t i o n s  must be  b a s e d  on a p p ly i n g  a r b i t r a r y
d e f l e c t i o n s  to  t h e  pendulum and t h e n  m e a su r in g  t h e
/  cu-
r e q u i r e d  moment m by some fo rm  of c o m p a r a t i v e l y  s t i f f
s p r i n g  b a l a n c e .  T h is  i s  t h e  o n ly  sy s te m  which  w i l l
o p e r a t e  s a t i s f a c t o r i l y  when as  i n  F i g .  3*5I-*1 t h e  m,v-r 0
h y s t e r e s i s  lo o p  h as  s e c t i o n s  i n  which  i s  n e g a t i v e .
( 3 ) The l o a d  m ea su r in g  sy s te m  must be s e l f  i n d i c a t i n g  
w i t h o u t  t h e  n e c e s s i t y  f o r  n u l l  method a d ju s tm e n t s  s i n c e  
c r e e p  e f f e c t s  may be e n c o u n t e r e d  making i t  im p o s s ib l e  
t o  o b t a i n  s t e a d y  n u l l  r e a d i n g s .
These r e q u i r e m e n t s  a r e  met by  t h e  a r ra n g em e n t  f i n a l l y  
a d o p te d  and shown i n  F i g .  3<*5^ and P l a t e  2 .  The sw ing ing  
p l a t e  P i n  F i g .  3 • 5 ^  i s  c a r r i e d  on a p i v o t  a r r a n g e d  i n  l i n e  
w i t h  t h e  m id - p o i n t  of  t h e  u n s t r a i n e d  spec im en ,  and can  be 
d e f l e c t e d  by  known amounts by th e  m ic ro m e te r  screw II. The 
pendulum i s  c oup led  t o  p l a t e  P by  a l o a d  m easu r in g  u n i t  U.
I f  we c o n s i d e r  IT f o r  t h e  t im e  b e in g  as  s im p ly  a s e n s i t i v e  
and s t i f f  s p r i n g  b a l a n c e  t h e n  th e  pendulum d e f l e c t i o n  m i l l  
be p r a c t i c a l l y  t h e  same as  t h a t  of t h e  p l a t e ,  as  g iv e n  by 
t h e  m ic ro m e te r  r e a d i n g ,  and th e  l o a d  r e a d i n g s  on U w i l l  be 
p r o p o r t i o n a l  t o  t h e  moment m r e q u i r e d  on th e  pendulum. The 
maximum l i n e a r  movement r e q u i r e d  a t  t h e  l o a d  p o i n t  w i l l  be 
a p p r o x i m a t e ly  Q.Oj r s ,d ia n s  a n g u l a r  d e f l e c t i o n  X  12*;'.. 
r a d i u s  83 -  0.6**. Thus by t h e  p h r a s e  “s t i f f  s p r i n g  b a l a n c e
we s h a l l  have  t o  mean a b a l a n c e  h a v in g  a t o t a l  d e f l e c t i o n  
under l o a d  of o n ly  a  few t h o u s a n d th s  of an i n c h  i n  o rd e r  
t h a t  t h e  assumed e q u a l i t y  be tw een  t h e  pendulum d e f l e c t i o n  
and t h a t  of  p l a t e  P s h a l l  h o ld  good.
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3 • 52 S im ple  pneum atic  l o a d  measuring:  u n i t .
The f i r s t  l o a d  m ea su r in g  u n i t  t r i e d  w h ich  gave  any 
r e a l  p ro m ise  of s a t i s f a c t o r y  o p e r a t i o n  was t h e  s im p le
s h a r p - e d g e d  j e t  f i x e d  t o  p l a t e  P and im pinges  on th e  
s u r f a c e  of  t h e  pendulum h a r .  P r o v i d e d  t h e  gap g b e tw e e n  
t h e  j e t  edge and t h e  pendulum i s  s m a l l  compared w i t h  t h e  
j e t  d i a m e t e r  t h a n  t h e  f o r c e  e x e r t e d  on t h e  pendulum i s  
s im p ly  t h e  p r o d u c t  of t h e  j e t  p r e s s u r e  p  and t h e  j e t  a r e a .  
P r e s s u r e  p  i s  i n d i c a t e d  on a s im p le  w a te r  manometer .
A f u r t h e r  s t u d y  of P i g .  3*52* shows t h e  sy s te m  t o  
he  s t a t i c a l l y  s e l f  b a l a n c i n g .  I f  p r e s s u r e  p i s  t o o  l a r g e  
t h e n  t h e  pendulum w i l l  move t o  t h e  r i g h t  open ing  t h e  gap g .  
Due t o  t h e  i n f l u e h c e  of  t h e  choke i n  t h e  a i r  s u p p ly  l i n e  
t h i s  w i l l  c au se  a d e c r e a s e  i n  p r e s s u r e  p t h e  p r o c e s s  
c o n t i n u i n g  u n t i l  b a l a n c e  i s  a t t a i n e d .  By u s i n g  a  s m a l l  
d i a m e t e r  choke t h e  d e c r e a s e  i n  p r e s s u r e  can be  r e l a t e d  t o  
a  v e r y  s m a l l  i n c r e a s e  i n  gap g .
The whole a r r a n g e m e n t  i s  i n h e r e n t l y  s e n s i t i v e .
U s ing  a  j e t  5 / 3 2 ” d i a .  t h e n  f o r  a  p r e s s u r e  change of
The c o r r e s p o n d i n g  w a te r  manometer r e a d i n g  would be abou t  
2 8 " g i v i n g  a  s e n s i t i v i t y  of l e s s  t h a n  0 .0 0 1  l b .  p e r  i n c h  
r e a d i n g  on t h e  manometer .
I n  p r a c t i c e  t h i s  s im p le  sy s te m  was found  u n s a t i s f a c t o r y  
due t o  t h e  o c c u r r e n c e  of  dynamic i n s t a b i l i t y .  This  e f f e c t ,  
w hich  a r i s e s  f rom  t h e  i n e v i t a b l e  t im e  l a g  be tw een  t h e  
change i n  gap g and th e  c o r r e s p o n d in g  p r e s s u r e  change ,  g i v e s  
r i s e  t o  c o n t in u o u s  v i o l e n t  o s c i l l a t i o n  of t h e  whole sy s tem  
making o b s e r v a t i o n s  i m p o s s i b l e .
The most obvious  method of  overcoming t h i s  c o n d i t i o n
p n e u m a t ic  u n i t  shown i n  P i g .  3*52.  A i r  f ro m  a  s u p p ly  
a t  a b o u t  4 l b / i n ?  i s  f e d  t h r o u g h  a  choke t o  a s m a l l
1 l b / i n ?  t h e  c o r r e s p o n d i n g  l o a d  change i s
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i s  by  f i t t i n g  a  v i s c o u s  damping d e v i c e  t o  t h e  pendulum .
T h is  was t r i e d ,  and a f a i r  number of  lo o p s  p l o t t e d  b u t  
t h e  d a s h p o t  r e q u i r e d  w a s ' s o  h eav y  ( 3 ” d i a .  p i s t o n ,  0 . 1H 
d i a m e t r a l  c l e a r a n c e  and f i l l e d  w i t h  heav y  l u b r i c a t i n g  o i l )  
a s  t o  c a s t  s e r i o u s  d o u b ts  on t h e  h y s t e r e s i s  r e s u l t s  
o b t a i n e d ,  s i n c e  t h e  d a sh p o t  i s  n e c e s s a r i l y  i n  p a r a l l e l  w i t h  
t h e  sp e c im e n .
To overcome t h e s e  d i f f i c u l t i e s  a  damping p r o p e r t y  
would h ave  t o  be  i n t r o d u c e d  i n t o  t h e  pneum at ic  u n i t  i t s e l f ,  
t h u s  overcom ing t h e  i n h e r e n t  i n s t a b i l i t y .  I t  i s  w o r th  
p o i n t i n g  ou t  a t  t h i s  s t a g e  t h a t  even i f  an  e l a s t i c  s p r i n g  
o f  t h e  same s t i f f n e s s  were  i n t r o d u c e d  i n  p l a c e  of t h e  
p n e u m a t ic  u n i t  t h e  sy s te m  would s t i l l  have  a v e r y  s m a l l  
d a m p in g . c o e f f i c i e n t  due p r i m a r i l y  to  t h e  l a r g e  e f f e c t i v e  
mass of  t h e  pendulum.
3*53 S t a b i l i z e d  pneum a t ic  l o a d  m ea su r in g  u n i t .
A f t e r  some c o n s i d e r a t i o n  t h e  scheme shown 
d i a g r a m m a t i c a l l y  i n  P i g .  3*53 was a d o p te d  an d ,  when 
p r o p e r l y  a d j u s t e d ,  found  t o  be  c o m p le t e ly  s u c c e s s f u l .  I n  
t h i s  a r ra n g em e n t  t h e  f i x e d  i n l e t  choke of P i g  3*52 i s  
r e p l a c e d  by a v a r i a b l e  i n l e t  j e t  s i m i l a r  t o  th e  main 
w ork ing  j e t .  T h is  i n l e t  j e t  impinges  on a p l a t e  fo rm ing  
t h e  cap of a s p r i n g  lo ad e d  b e l l o w s ,  s u b j e c t  t o  a d i f f e r e n t i a l  
p r e s s u r e  p -  p f . P r e s s u r e  p i s  t h e  main j e t  p r e s s u r e  
w h i l e  p f i s  o b t a i n e d  by p a s s i n g  a i r  v i a  choke Q t o  t h e  
manometer w hich  h as  an a p p r e c i a b l e  a i r  c a p a c i t y .
ITow c o n s i d e r  t h e  c o n d i t i o n s  when t h e  pendulum i s  
moving to w ard s  t h e  work ing  j e t .  In  t h e  s im p le  u n i t  w i t h
a  f i x e d  i n l e t  Choke p r e s s u r e  p would be r i s i n g  towards  a  
v a lu e  d e f i n e d  by  t h e  i n s t a n t a n e o u s  j e t  g a p .  In  t h e  
s t a b i l i z e d  u n i t  o f .  P i g .  3 .53  "the f a c t  t h a t  p i s  r i s i n gl
(due t o  t h e  change i n  t h e  work ing  j e t  gap)  c a u se s  a
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downwards d e f l e c t i o n  of t h e  b e l l o w s  cap s i n c e  b e c a u s e  o f  
t h e  choke Q, p r e s s u r e  p f w i l l  l a g  b e h in d  p .  T h is  open ing  
of  t h e  i n l e t  j e t  w i l l  i n c r e a s e  p r e s s u r e  p .  C o n v e r s e ly  i f  
t h e  pendulum i s  moving away f rom  t h e  w ork ing  j e t  
p r e s s u r e  p w i l l  be f a l l i n g  and w i l l  s u f f e r  a  f u r t h e r  f a l l  
due t o  t h e  c l o s i n g  of  t h e  i n l e t  j e t  and t h u s  by  t h i s  
d e v ic e  we c a n  make p r e s s u r e  p d ep en d e n t  t o  some e x t e n t  on 
t h e  pendulum v e l o c i t y .  T h is  e f f e c t  i f  p r o p e r l y  a d j u s t e d  
t e n d s  t o  damp out  any o s c i l l a t i o n s  t h a t  may o c c u r .
I t  w i l l  be n o t i c e d  t h a t  t h e  a c t u a l  l o a d  m easurements  
a r e  t a k e n  a t  p r e s s u r e  p* w hereas  t h e  pendulum lo a d  i s  
p r o p o r t i o n a l  t o  p .  I t  i s ,  h ow ever ,  i m p o r t a n t  t o  r e d u c e  
a s  f a r  a s  p o s s i b l e  t h e  c a p a c i t y  of  t h e  main chamber a t  
p r e s s u r e  p and s i n c e  over  a  c o m p a r a t i v e l y  lo n g  t e r m ,  s a y  
1 m in u te ,  p* must e q u a l  p ,  p r e s s u r e  measurements  a r e  
c o n v e n i e n t l y  t a k e n  a t  p f . I n  a d d i t i o n s  t h e  p r e s s u r e  
r e a d i n g s  sh o u ld  t h e o r e t i c a l l y  be in d ep e n d en t  of t h e  main 
s u p p l y  p r e s s u r e .  I t  i s  found  i n  p r a c t i c e  t h a t  t h e r e  i s  a  
s l i g h t  dependence  on t h e  su p p ly  p r e s s u r e  b u t  t h i s  i s  
e a s i l y  c o u n t e r a c t e d  by  manual a d ju s tm e n t  o f  a  b l e e d e r  v a lv e  
on t h e  a i r  s u p p ly  l i n e .  The compressed  a i r  i s  s u p p l i e d  
by  a  s m a l l  vane  t y p e  com pressor  ( e x -R .A .F .  vacuum pump) 
d r i v e n  by a  \  h . p .  m o to r .
A m a t h e m a t i c a l  a n a l y s i s  of t h e  s t a b i l i t y  o f  t h e s e  
v a r i o u s  pneum at ic  sys tem s i s  g iv e n  i n  S e c t i o n  8 b u t  due 
t o  t h e  i n h e r e n t  n o n - l i n e a r i t y  of t h e  pnepm atic  e f f e c t s  
t h e s e  c a l c u l a t i o n s  can  on ly  be used  as  a  d e s i g n  g u i d e ,  a  
good d e a l  o f  a d ju s tm e n t  b e in g  n e c e s s a r y  t o  a t t a i n  s u c c e s s f u l  
o p e r a t i o n .
F i n a l l y  i t  shou ld  be n o t e d  t h a t  w i t h  t h i s  sys tem  of  
l o a d  and d e f l e c t i o n  measurement t h e  pendulum i s  s u p p o r t e d  on 
t h e  specim en  a lo n e  and has  no c o n t a c t  w i t h  any o t h e r  p a r t ,
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t h e  o n ly  e x t e r n a l  f o r c e  a c t i n g  Toeing t h e  a i r  p r e s s u r e  a t
m e c h a n i c a l  f r i c t i o n  e f f e c t s  i n f l u e n c i n g  t h e  f i n a l  r e s u l t s .  
3• 6 Specimen d a m n i n g .
I t  i s  im p o r t a n t  t h a t  no s l i p p i n g  s h o u ld  occu r  a t  t h e  
c lam ping  p o i n t s  o f  t h e  spec im en s i n c e  t h i s  would a p p e a r  
i h  t h e  f i n a l  r e s u l t s  as  a d d i t i o n a l  h y s t e r e s i s .  When t h e  
a p p a r a t u s  was f i r s t  c o n s t r u c t e d  t h e  specim en and clamps 
u sed  were  a s  shown i n  F i g .  3 * 6 l .  These were found  
i n e f f e c t i v e  i n  a  r a t h e r  f o r t u i t o u s  manner w hich  i s  
n e v e r t h e l e s s  w o r th y  of  p u t t i n g  on r e c o r d .  I t  was n o t i c e d  
t h a t  t h e  lo o p s  o b t a i n e d  had  an o v e r a l l  c u r v a t u r e  a s  shown
f e a t u r e  of  t h e  a p p a r a t u s  and an  i n s p e c t i o n  i t  was n o t i c e d  
t h a t  b o t h  c lamps were on one s i d e  of t h e  spe c im en .  When 
t h e  spec im en  was r e d e s i g n e d  w i t h  h e a v i e r  ends and t h e  much 
h e a v i e r  clamps shown i n  P l a t e  3 f i t t e d  t h e  c u r v a t u r e  e f f e c t s
o b s e r v a t i o n  i t  ha s  been  assumed t h a t  t h e  e f f i c i e n c y  of  
c lam ping  can be Judged f rom  th e  symmetry o f  t h e  o b se rved  
l o o p s .
3• 7 P r o c e d u r e  f o r  i n s e r t i n g  specim en i n  a p p a r a t u s .
The spec im en must  be  i n s e r t e d  i n  t h e  a p p a r a t u s  w i t h o u t  
t h e  d a n g e r  of b e in g  o v e r s t r e s s e d  i n  t h e  p r o c e s s .  To 
a t t a i h  t h i s  end a d e f i n i t e  p r o c e d u r e  has  b e en  e v o l y e d .
T h i s  i s  a s  f o l l o w s
(1) m easure  t h e  a c t u a l  b r e a d t h  and t h i c k n e s s  of 
t h e  specim en a t  t h e  minimum s e c t i o n ,
(2 ) clamp t h e  spec im en f i r m l y  a t  i t s  upper  end t o  
t h e  c e n t r a l  b l o c k  of  t h e  h o r i z o n t a l  arm, t h e  pendulum 
b a r  h a v in g  b een  removed,
( 3 ) s u p p o r t  t h e  h o r i z o n t a l  arm a t  each  end by  s l i p  
b l o c k s  r e s t i n g  on th e  upper  f ram e-w ork  of  t h e  a p p a r a t u s .  
A d ju s t  t h e  s l i p  b l o c k s  u n t i l  t h e  lower  end o f  t h e
t h e  m ain  J e t .  C o n se q u e n t ly  t h e r e  i s  no p o s s i b i l i t y  o f
i n  F i g .  3*62.  This  co u ld
i n  t h e  o b se rv ed  l o o p s  d i s s a p p e a r e d . S in c e  t h i s
specim en  i s  p a r a l l e l  to  th e  clam ping p i l l a r  as  
Judged by f e e l e r  g a u g es .
(4 ) K eeping s l i p  b lo c k s  in  p la c e  v ery  l i g h t l y  
clamp th e  lower end o f th e  specim en -  i n i t i a l l y  
s l i d i n g  th e  h o r iz o n ta l  arm s l i g h t l y  to  th e  r ig h t  to  
b r in g  th e  specim en in to  c o n ta c t w ith  th e  clam ping  
p i l l a r .
( 5 ) Clamp th e  pendulum to  c e n tr a l  b lo c k  o f th e  
h o r iz o n ta l  arm and c o r r e c t  any d e v ia t io n  from  
v e r t i c a l  in  th e  p lane a t r ig h t  a n g le s  to  th e  main 
b en d in g  p la n e . The purpose o f th e  r a th er  e la b o r a te  
pendulum clam ping mechanism (a cam r o ta te d  by a screw  
op erated  le v e r )  i s  to  avo id  lo a d in g  th e  specim en by 
heavy spanner fo r c e s  when clam ping th e  pendulum,
(6 ) f ir m ly  clamp th e  low er end o f th e  specim en to  
th e  clam ping p i l l a r .
By th e s e  o p e r a tio n s  we a r r iv e  a t  a c o n d it io n  in  whidh 
th e  specim en i s  f ix e d  in  th e  apparatus under zero  or very  
l i t t l e  bend ing s t r e s s  w ith  th e  s l i p  b lo c k s  s t i l l  in  p la c e .
T his pendulum p o s i t io n  can be tak en  as th e  datum fo r  d e f l e c t io n  
measurements and hence th e  next s te p  i s
(7 ) f i x  datum fo r  d e f l e c t io n  measurements u sin g  th e  
load  m easuring u n it  as a pneum atic gau ge, i . e .  s t i l l  , 
k eep in g  s l i p  b lo ck s in  p o s i t io n  b r in g  th e  working 
J e t  up to  th e  pendulum u n t i l  th e  manometer read in g  i s  
ap p rox im ate ly  h a l f  o f th e  su pp ly  p r e ssu r e . Then 
w ith o u t moving th e  m icrom eter screw  s la c k e n  o f f  and 
r o ta te  th e  engraved m icrom eter head to  g iv e  a 
co n v en ien t zero  r e a d in g .
(8 ) in s e r t  th e  sm all s to p  nut o f th e  load  m easuring  
u n it  -  which p rev en ts  th e  pendulum from sw in ging  out 
o f  range o f th e  J e t -  and th en  remove th e  s l i p  b lo c k s  
w hich are no longer r e q u ir e d .
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(9)  C o r r e c t  any l a r g e  s t a t i c  u n b a la n c e  o f  t h e  
pendulum sy s te m  by a d j u s t i n g  t h e  l e v e l l i n g  sc rew s  of  
t h e  upper  f r a m e .
(10)  A d ju s t  t h e  pendulum b o b -w e ig h t  t o  g iv e  t h e  
a p p r o p r i a t e  p r o d u c t  Wy f o r  t h e  sp ec im en  b e i n g  u s e d .  
T h is  a d ju s tm e n t  i s  e a s i l y  c a r r i e d  out  by m e a su r in g  t h e  
moment r e q u i r e d  t o  p roduce  v e r y  s m a l l  a n g u l a r  
d e f l e c t i o n s  of  t&e sy s te m ,  t h e  normal  l o a d  and 
d e f l e c t i o n  m ea su r in g  sys tem s b e in g  u s e d .
I f  r e q u i r e d  t h e  l o a d  m ea su r in g  u n i t  i s  e a s i l y  
c a l i b r a t e d  by  k e e p in g  t h e  m ic ro m e te r  screw f i x e d  and 
o b s e r v i n g  t h e  manometer r e a d i n g s  when gram w e ig h t s  a r e  added 
t o  a  s m a l l  s c a l e  pan  suspended  f ro m  th e  h o r i z o n t a l  arm of 
t h e  a p p a r a t u s .  T h is  h a s  b e e n  done on s e v e r a l  o c c a s i o n s  and 
a l l  s u c h  c a l i b r a t i o n s  have  been  l i n e a r  and c o n s i s t e n t  w i t h  
one a n o t h e r  t o  vtfithin a b o u t  1% e x c e p t  a t  t h e  ex trem e lower 
end of  t h e  manometer s c a l e  where some n o n - l i n e a r i t y  i s  
u s u a l l y  f o u n d .  These c a l i b r a t i o n  r e s u l t s  a l s o  a g re e  w i t h  
t h e  b a s i c  a s s u m p t io n  t h a t  t h e  f o r c e  e x e r t e d  by  t h e  work ing  
j e t  = j e t  p r e s s u r e  x  j e t  a r e a .
3 .8  I n f l u e n c e  of e x t e r n a l  d i s t u r b a n c e s .
G e n e r a l l y  sp e a k in g  s e n s i t i v e  a p p a r a t u s  i s  s u s c e p t i b l e  
t o  e x t e r n a l  d i s t u r b a n c e  b u t  due to  t h e  v e r y  low n a t u r a l  
f r e q u e n c y  of t h i s  equipment  i t  i s  u n a f f e c t e d  by normal  
f l o o r  v i b r a t i o n s .  I t  i s  p e rh a p s  w o r th  n o t i n g  t h a t  t h e  
o n ly  o t h e r  equipment  known t o  t h e  a u th o r  b a se d  on th e  
p r i n c i p l e  of  o f f - s e t t i n g  a  s p r i n g  s t i f f n e s s  by an i n v e r t e d  
pendulum i s  t h e  ¥ e i c h e r t  Se ism o g rap h .
One ty p e  of  d i s t u r b a n c e  t o  which t h i s  a p p a r a t u s  i s ,  
how ever ,  v e r y  s u s c e p t i b l e  i s  any m inu te  t i l t  due t o  s t a t i c  
d e f l e c t i o n  of  t h e  f l o o r .  A l th ou g h  t h e  a p p a r a t u s  s t a n d s  
on a s o l i d  c o n c r e t e  f l o o r  manometer r e a d i n g  d i f f e r e n c e s  of  
1 cm. can  be o b t a i n e d  s im p ly  by w a lk in g  f rom one end of  t h e
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equipm ent  t o  t h e  o t h e r ,  and i t  i s  t h e r e f o r e  n e c e s s a r y  t o  
r e m a in  s e a t e d  i n  one p o s i t i o n  w h i l e  t a k i n g  r e a d i n g s ,
A s i m i l a r  e f f e d t ,  h u t  of a  more p u z z l i n g  n a t u r e ,  
o c c u r r e d  a t  one s t a g e  when i t  was found t h a t  t h e  l o a d  
r e a d i n g s  c r e p t  upwards hy  a b o u t  20  cm. f o r  a b o u t  2 h o u r s  
a f t e r  s w i t c h i n g  on t h e  a i r  c o m p re s so r .  This  was t r a c e d  
t o  r a d i a n t  h e a t  f rom t h e  com presso r  c a s i n g  f a l l i n g  on one 
l e g  of t h e  low er  f ram e-w ork  and p ro d u c in g  a  v e r y  s m a l l  
d i f f e r e n t i a l  e x p a n s i o n .
4 .  T e s t  r e s u l t s  on m i ld  s t e e l .
4*1 M a t e r i a l  and h e a t  t r e a t m e n t .
O b s e r v a t i o n s  have b een  made of th e  n o n - l i n e a r  
p r o p e r t i e s  o f  a n n e a le d  m i ld  s t e e l  a t  room t e m p e r a t u r e .
Mo doubt  many o t h e r  e x p e r im e n t s  of i n t e r e s t  co u ld  be made 
on o t h e r  m a t e r i a l s  p o s s i b l y  a t  d i f f e r e n t  t e m p e r a t u r e s  b u t  
i t  was d e c i d e d  t h a t  f o r  t h e  p u rp o se  of a b a s i c  i n v e s t i g a t i o n  
o b s e r v a t i o n s  s h o u ld  be c o n f i n e d  t o  one m a t e r i a l .  Many 
h y s t e r e s i s  lo o p s  were  p l o t t e d  d u r i n g  t h e  development  of  
t h e  a p p a r a t u s ,  how ever ,  some f o r  m i ld  s t e e l  and o t h e r s  f o r  
a  h i g h  c a rb o n  s t e e l  r e a d i l y  a v a i l a b l e  i n  t h e  workshop 
s t o r e s .
The main o b s e r v a t i o n s  q uo ted  i n  t h i s  s e c t i  on were 
made on m i ld  s t e e l  d u r i n g  t h e  summer of  1953* A l l  
spec im ens  were  c u t  f rom  a s i n g l e  p i e c e  of  13/ l 6w p l a t e ,  
t e n s i l e  spec im ens  0 . 4 5 M d i a .  and f a t i g u e  specimens f o r  th e  
H aigh  machine  0.2** d i a .  b e in g  made a t  t h e  same t im e .
P r i o r  t o  f i n a l  m ach in ing  a l l  spec im ens  were a n n e a le d  by 
h e a t i n g  t o  820°C. i n  an  e l e c t r i c  f u r n a c e  and th e n  a l l o w i n g  
t h e  c l o s e d  f u r n a c e  t o  c o o l  o v e r n i g h t .  A chem ica l  a n a l y s i s  
of  t h e  p l a t e  used gave t h e  f o l l o w i n g  p r i n c i p a l  c o n s t i t u e n t s .
Carbon ,  0 .1 #  ; Manganese, 0 .5 5 #  > P h o sp h o ru s ,  0 .0 1 3#  | 
S u lp h u r ,  0 . 0 66#  ; S i l i c o n ,  0 .040#  .
The damping t e s t s -  a r e  supp lem ented  by a few o b s e r v a t i o n s  .made on
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m ild  s t e e l  spec im ens  d u r i n g  t h e  f i n a l  d e v e lo p m e n t  o f  t h e  
a p p a r a t u s  i n  1952.  U n f o r t u n a t e l y  r e l a t e d  t e s t s  -  e . g .  
t e n s i l e ,  f a t i g u e  - were  not  made on t h i s  m a t e r i a l  so t h a t  
f rom  t h e s e  p a r t i c u l a r  o b s e r v a t i o n s  o n ly  q u a l i t a t i v e  
c o n c l u s i o n s  can  he drawn.
4 . 2  T e n s i l e  t e s t s .
T e n s i l e  t e s t s  were c a r r i e d  ou t  on t h r e e  a n n e a le d
v
sp ec im ens  and on one spec im en  i n  t h e  a s - r o l l e d  c o n d i t i o n .  
The t e s t  r e s u l t s  a r e  g iv e n  i n  T ab le  I  b e lo w .
TABLE I
T e n s i l e  T e s t  R e s u l t s .
Spenimen Young’ s 
Modulus 
E 0 
l b / i n ?
L im i t  of  
p r o p o r t i o n -  
a l i t v  
t o n / i n ?
Y i e l d
P o i n t
t o n / i n ?
Q l t im a te  
S t r e n g t h
t o n / i n ?
E l o n g a t i o n  a t  
f r a c t u r e  on 
4 * gauge 
l e n g t h
A1 - - 14 .2 2 2 .2 1 1 M
A2 3 0 .5 x io  6 1 3 .6 1 5 .1 2 3 .7
A3 mm - 13 .1 2 2 .2 m
As
r o l l e d - - 1 4 .5 ,25 .6
Broke a t  
gauge p o i n t s
These r e s u l t s  were  o b t a i n e d  on t h e  Buckton  10 t o n  
c a p a c i t y  t e s t i n g  m ac h in e ,  a  s p r i n g  b a l a n c e  lo ad  m easu r ing  
a r r a n g e m e n t  b e in g  used  f o r  two of t h e  t e s t s .  The t e s t  
p r o c e d u r e s  were  b r i e f l y  a s  f o l l o w s s -
Specimens A1 and A3 Loaded w i t h  s p r i n g  b a l a n c e  a r ra n gem en t  
u n t i l  e x t e n s i o n s  r e a c h e d  a b o u t  a s  measured  w i t h  a  d i a l  
-gauge e x te n s o m e te r  of 4 11 gauge l e n g t h .  Unloaded and 
e x te n s o m e te r  rem oved.  R e lo a d ed  im m e d ia te ly  t o  f r a c t u r e .  
Specimen A2. C a r e f u l l y  lo ad e d  up t o  t h e  y i e l d  p o i n t  u s in g  
t h e  normal  j o c k e y  b a l a n c e ,  e x t e n s i o n s  b e in g  measured  w i t h  a  
Lamb’ s r o l l e r  e x t e n s o m e t e r .  Unloaded  a f t e r  y i e l d i n g  and 
e x te n s o m e te r  removed.  R e loaded  n e x t  day t o  g iv e  u l t i m a t e  
s t r e n g t h  and e l o n g a t i o n .
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As r o l l e d  s p e c i m e n * Loaded u s in g  j o c k e y  b a l a n c e  and y i e l d  
p o i n t  d e te r m in e d  by  d i v i d e r s  i n  gauge p o i n t s .  Load ing  
c o n t i n u e d  t o  d e te r m in e  u l t i m a t e  s t r e n g t h .
4*3' F a t i g u e  T e s t s .
As i t  h a s  o f t e n  "been s u g g e s t e d  t h a t  t h e r e  m ig h t  he  
a  c o r r e l a t i o n  b e tw een  damping c a p a c i t y  and f a t i g u e  e n d u ra n ce  
o f  m a t e r i a l s  a  s im p le  f a t i g u e  t e s t  was c a r r i e d  ou t  on t h e  
m a t e r i a l .  T h i s  t e s t  was done i n  t h e  H aigh  machine  u s i n g  
spec im ens  o f  0.2** minimum d i a .  The S -  IT c u rv e  o b t a i n e d  
i s  g i v e n  i n  F i g .4 . 3  t h e  endurance  l i m i t  f o r  p u re  a l t e r n a t i n g  
s t r e s s  b e i n g  t a k e n  f rom  t h i s  as±24000 l b / i n ? .
4 . 4  S i n g l e  l o a d i n g  l i n e a r i t y  t e s t .
The damping a p p a r a t u s  can be used  t o  d e te rm in e  
a c c u r a t e l y  t h e  d e v i a t i o n  f rom  t r u e  l i n e a r i t y  i n  t h e  moment -  
a n g u l a r  d e f l e c t i o n  cu rve  of  t h e  specim en  and one sp ec im en t  
(D2) was t e s t e d  i n  t h i s  way. The e f f e c t  i s  i l l u s t r a t e d  
i n  F i g  .4.4.1 t h e  t r u l y  e l a s t i c  l i n e  b e in g  t a k e n  as  t h e  ta jugeht  
t o  t h e  a c t u a l  moment -  a n g u l a r  d e f l e c t i o n  curve  a t  z e r o  s t r e s s .
When a n a l y s i n g  a  t e s t  of  t h i s  t y p e  i t  i s  d e s i r a b l e  
t o  t a k e  a c c o u n t  o f  v a r i o u s  s m a l l  e f f e c t s  w h ich  may be 
n e g l e c t e d  when o b s e r v i n g  s im p le  h y s t e r e s i s  l o o p s .  R e f e r r i n g  
t o  F i g . 4.4.2where
M s  a c t u a l  i n t e r n a l  moment in  th e  specimen 
mf = moment r e a d i n g  on pneum atic  l o a d i n g  g auge ,
Q, = w e i g h t s  added to  s c a l e  pan  : which  a r e  used  t o
e x te n d  t h e  r a n g e  of  t h e  l o a d  m easu r in g  equipment 
t h e  e q u i l i b r i u m  e q u a t i o n  of  t h e  sy s te m  i s
6 .0 3  q cos 6 + * Wy s i n  © ............................4 . 4 / 1
The a p p r o p r i a t e  v a l u e  o f  Wy i s  fo u n d  by w e igh ing  and 
b a l a n c i n g  t h e  pendulum and c r o s s  arm assem b ly  a f t e r  c o m p le t io n  
of  t h e  t e s t ,  t h e  r e s u l t  o b t a i n e d  i n  t h i s  e ase  b e in g  
541 l b .  i n .
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Taking  t h e  f i r s t  two te rm s  of t h e  s i n l a n d  c o s i n e  f a c t o r s  
i n  e q u a t i o n  4 . 4 / 1  we o b t a i n
nr 6 .0 3  q ( l  -  —  ) +  m' * 541 / ” e  -  § ^ ,_ 7
The f u n c t i o n  m w hich  we w ish  t o  d e te r m in e  i s  t h e  d i f f e r e n c e  
b e tw ee n  th e  a c t u a l  r e s i s t i n g  moment ¥. and th e  t r u l y  l i n e a r  
moment $41 9 ,
i . e .  m = 541 9 -  M
ft2 g3
m' ■+- 6 .0 3  q (1 -  — ) +* 541  4 . 4 / 2
Working U n i t s .
U n i t  a n g u l a r  d e f l e c t i o n  i s  t a k e n  as  0 . 0 1 11 a t  t h e  
m ic ro m e te r  screw which  a c t s  a t  13-f i n c h e s  r a d i u s  f rom  th e  
p i v o t  o f  t h e  sw ing in g  p l a t e  P .
0 . 0 1
Thus u n i t  d e f l e c t i o n  ( $  s  l )  s 1 3 [3 6  = 0 .000748  r a d i a n s
9 = 0 .000748  /  r a d i a n s .
I t  i s  r a t h e r  c o n v e n ie n t  t h a t  t h i s  u n i t  d e f l e c t i o n  c o r r e s p o n d s  
a lm o s t  e x a c t l y  t o  a  b e n d in g  s t r e s s  i n  t h e  specimen of  
1000 l b / i n ?  U n i t  moment m i s  t a k e n  as  t h e  moment p ro d u c in g  
1 cm. r i s e  on t h e  l o a d  gauge manometer .  By c a l i b r a t i o n  
t h i s  i s  O.OO296  l b . i n .  S c a l e  pan  l o a d  Q, i s  p ro v id e d  by 
gram w e i g h t s .  1 gram a t  t h i s  p o i n t  g i v e s  a r e a d i n g  of 
4*5 cm. on t h e  l o a d  gauge manometer .
S u b s t i t u t i n g  t h e s e  v a l u e s  i n  e q u a t i o n  4 . 4 / 2  we f i n d
m * m' + 4.5Q -  1 .2 6  x  1 0 “ 6 q < f2 -t- 1 2 .8  x  1 0 " 6 / 3  .............4 . 4 / 3
The t h i r d  t e rm  i s  t h i s  expBBsaion i s  found t o  be 
n e g l i g i b l e .  I n  a d d i t i o n  we must t a k e  acco u n t  of t h e  i n i t i a l  
v a l u e s  of mf , ( ^ |JL) and Q,, by t h e  s u b t r a c t i o n  of t h e  
a p p r o p r i a t e  q u a n t i t i e s  which  a r e  m*0 ■ 2 1 . 0 , = - 0 . 3 /
and Q,0 * $0 i n  t h e  p a r t i c u l a r  t e s t  b e in g  a n a l y s e d .
The f i n a l  e x p r e s s i o n  f o r  momaht m i s  t h e r e f o r e
m = (m* -  2 1 . 0 )*  0 . 3 <fV 4 . 5 (Q, -  5 0 ) + 1 2 .8  x  10~ 'V  3 .......... 4 . 4 / 4
t h i s  b e in g  t h e  q u a n t i t y  , p l o t t e d  i n  P i g .  4 .4 . 3 *  ^ i s
'2 4 -
f i g u r e  i n c l u d e s  s c a l e s  g i v i n g  t h e  a p p ro x im a te  t o t a l  moment 
maximum "bending s t r e s s ,  and t h e  d e v i a t i o n  moment m i n  
l b . i n  • The comparab le  t e s t  r e s u l t s  o b t a i n e d  on m i ld  
s t e e l  spec im ens  d u r i n g  1952  a r e  a l s o  shown i n  t h i s  f i g u r e .
I n  a l l  c a s e s  i t  i s  s e e n  t h a t  m r i s e s  s t e a d i l y  w i t h  
d e f l e c t i o n  $  up t o  a  c e r t a i n  v a lu e  of M a f t e r  which  i t  
i n c r e a s e s  much more r a p i d l y .
At h i g h  s t r e s s e s  i t  was found t h a t  t h e  v a lu e  of  m 
v a r i e s  w i t h  t h e  t im e  f rom  th e  a p p l i c a t i o n  of  t h e  in c re m e n t  
d e f l e c t i o n .  The n a t u r e  o f  t h i s  t im e  v a r i a t i o n  i s  shown i n  
P i g .  4 . 4 . 4 .  P o r  s t r e s s e s  j u s t  above t h e  b end  i n  t h e  m v .  II 
c u rv e  t h e  R e l a x a t i o n  t im e  aT i s  o n ly  a  few m in u te s  b u t  t h i s  
i n c r e a s e s  up t o  a b o u t  h a l f  an  hour  f o r  h i g h  s t r e s s e s  c l o s e  
t o  t h e  y i e l d  p o i n t .  The r e a d i n g s  shown f o r  specimens ( l )  1952 
and D2 -  1953 a r e  t h o s e  o b t a i n e d  im m e d ia te ly  on l o a d i n g .
3?o r  s p e c i m e r j ' t i e  r e a d i n g s  a r e  t h o s e  a l l o w i n g  f o r  a l l  c r e e p  
e f f e c t s  t o  t a k e  p l a c e .
As t h e  r e l a x a t i o n  t im e  T v a r i e s  w i t h  t h e  a p p l i e d  s t r e s s
i t  i s  p o s s i b l e  t h a t  t h e  c r e e p  e f f e c t s  a r e  p r e s e n t  a t  a l l
s t r e s s e s ,  b e in g  s h o r t  and masked by  t h e  o p e r a t i n g  t im e  of 
t h e  l o a d  m ea su r in g  equipment a t  low s t r e s s e s .  I t  i s  c l e a r ,  
how ever ,  f rom  a  com par ison  of t h e  cu rve  f o r  specimen (2 ) 
w i t h  t h o s e  f o r  spec im ens  ( 1 ) and D2 t h a t  t h e  t im e  e f f e c t  i s  
much s m a l l e r  th a n  t h e  main d e v i a t i o n  e f f e c t :  which
a p p a r e n t l y  o c cu rs  i n s t a n t a n e o u s l y .
4 . 5 1  Damping t e s t s  f o r  r e v e r s e d  s t r e s s e s  -  Specimen XH.
T h is  spec im en  was s e t  up i n  t h e  a p p a r a t u s  and s u b j e c t e d
t o  t h e  f o l l o w i n g  s t r e s s  programme i n  t h e  o r d e r  s t a t e d
Bending  s t r e s s Bo. o f  c y c l e s
















F e a s u r e v e n t s  were t a k e n  of  abou t  4 h y s t e r e s i s  l o o p s ,  
e . g .  1 s t ,  2nd ,  5th ,  1 0 th  a t  each  s t r e s s  r a n g e .  Time was 
n o t  a l l o w e d  f o r  any  c r e e p i n g  a c t i o n  t o  t a k e  p l a c e  t h e  
i n d i v i d u a l  lo o p  p o i n t s  b e in g  o b se rv e d  a t  r e g u l a r  one m in u te  
i n t e r v a l s .
A t y p i c a l  p l o t t e d  loop  and t h e  c a l c u l a t i o n  of  t h e  
c o r r e s p o n d i n g  damping c a p a c i t y  i s  g i v e n  i n  F i g .  4 . 5 . 1  
T a b l e ? summarizes  a l l  t h e  r e s u l t s  o b t a i n e d  on t h i s  specim en 
and t h o s e  a r e  i l l u s t r a t e d  i n  F i g s .  4 . 5 - 3  and 4 . 5 . 4  
F i g  .4 . 5 . 4 a l s o  g i v e s  t h e  damping r e s u l t s  o b t a i n e d  on 
spec im en  1)4 ( s e e  u n d e r ) .  F i g . 4 . 5 . 2  shows a l l  t h e  5^h c y c l e  
l o o p s  su p e r im p o sed  on one a n o t h e r  assuming t h a t  a l l  have 
t h e  same m i d - p o i n t .
From t h e s e  n u m e r i c a l  v a l u e s  i t  i s  se en  t h a t  f rom  t h e  
l o w e s t  s t r e s s e s  measured  up to  a bo u t  - 22000  l b / i n ?  t h e  
damping c o e f f i c i e n t  r i s e s  f rom  a b ou t  0 .0 04  t o  0 .017* The 
lo o p s  i n  t h e  upper  p a r t  o f  t h i s  s t r e s s  r a n g e  ( se e  F i g s .  5*5*1 
and 4.5.2 ) have  a  d i s t i n c t i v e  shape  i n  t h a t  t h e  main 
c u r v a t u r e  o c c u r s /m  t h e  u n lo a d in g  p a r t  of t h e  c y c l e .
V a r i a t i o n  of damping c a p a c i t y  w i t h  number of c y c l e s  of s t r e s s  
( s e e  F i g .  4 . 5 . 3 )  i s  n o t  p r e s e n t  t o  any marked e x t e n t  e x ce p t  
a t  t h e  h i g h e s t  s t r e s s e s  where some c r e e p i n g  a c t i o n  was a l s o  
n o t e d .
Then  t h e  s t r e s s  a m p l i tu d e  was i n c r e a s e d  t o  25000 l b / i n  
a  change i n  t h e  whole na , ture  of  t h e  h y s t e r e s i s  lo o p  was 
n o te d  t h e  damping c o e f f i c i e n t  a t  t h i s  s t r e s s  b e in g  a b o u t  
g r e a t e r  t h a n  t h a t  a t  -  22000 l b / i n ? .  The lo o p  shape  
showed a d i s t i n c t  c u r v a t u r e  i n  t h e  l o a d i n g  p a r t s  of t h e  
c y c l e  and t h e  i n c r e a s e  i n  damping f rom  th e  f i r s t  t o  t h e  
second  c y c l e  was so g r e a t  as  t o  make o b s e r v a t i o n s  o f  t h e  
second  lo o p  i m p o s s i b l e .
CM*
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4 • 52 Damning t e s t s  f o r  r e v e r s e d  s t r e s s  - Specimen D4
I n  t h e  hope of  o b t a i n i n g  more i n f o r m a t i o n  on t h e  
na u r e  of t h e  h y s t e r e s i s  lo op  a t  h i g h  s t r e s s e s  t h i s  
spec im en was s e t  up and t e s t e d  i n  t h e  s t r e s s  r a n g e  -  ISOOO • 
t o  -  3 0 ,0 0 0  l b / i n 5  o n ly  one or two c y c l e s  of s t r e s s  b e in g  
imposed a t  each  s t r e s s  l e v e l .  The damping r e s u l t s  o b t a i n e d  
a r e  p l o t t e d  w i t h  t h o s e  f o r  specim en  D3 i n  F i g .  4 . 5 * ^ .
A l th o u g h  t h e  damping v a lu e s  o b t a i n e d  a r e  r a t h e r  
lower  t h a n  t h o s e  f o r  D3 ^he damping c o e f f i c i e n t  -  s t r e s s  
a m p l i tu d e  c u rv e  has  t h e  same g e n e r a l  f e a t u r e s .  ITo marked 
c u r v a t u r e  w as ,  however ,  found  on t h e  l o a d i n g  p o r t i o n s  of 
t h e  h i g h e r  s t r e s s  c y c l e s  and o n ly  v e ry  s l i g h t  c r e e p i n g  
a c t i o n  was n o t i c e d  a t  t h e  h i g h e s t  s t r e s s  r a n g e s .
I t  may be o b se rv ed  a t  t h i s  p o i n t  t h a t  many i n v e s t i g a t  dr  sL 
have  found  l a r g e  d i f f e r e n c e s  i n  t h e  damping c a p a c i t i e s  of 
spec im ens  n o m in a l ly  s i m i l a r ,  a l t h o u g h  t h e  r e s u l t s  f o r  each 
spec im en  a r e  s e l f - c o n s i s t e n t .
5 .  D i s c u s s i o n  of  r e s u l t s ,
5*1 Comparison w i t h ' o t h e r  i n v e s t i g a t o r s .
The - r e s u l t s  o b t a i n e d  a g r e e ,  so f a r  a s  t h e y  a r e  
d i r e c t l y  c o m p a ra b le ,  w i t h  t h o s e  o b t a i n e d  by  o t h e r  
i n v e s t  i g a t o r s .
D o r e y fs e x p e r im e n ts  i n  t o r s i o n  on an 0 . 21/c ca rbon
s t e e l  h a v in g  a t e n s i l e  y i e l d  s t r e s s  of l 6 t o n / i n ?  gave
v a l u e s  of  t h e  e n e rg y  d i s s i p a t i o n  e q u i v a l e n t  to  a  damping
c o e f f i c i e n t  D of  0 .0 2 3  f o r  an a l t e r n a t i n g  s h e a r  s t r e s s  of
5*92 t o n s / i n ? .  Below t h i s  s t r e s s  t h e  e n e rg y  d i s s i p a t i o n
v a r i e d  a n p r o x i m a t e ly  a s  t h e  2 . 8 t h  power of t h e  s t r e s s
a m p l i tu d e  b u t  a p l o t  o f  t h e  a c t u a l  damping c o e f f i c i e n t s
g i v e s  a cu rv e  v e r y  s i m i l a r  to  t h a t  shown i n  F i g .  4 .5 * 4  f o r
/ ?spec im en  B3 . Above t h e  * * c r i t i c a l  s t r e s s *  of  £  5*92 t o n / i n .
- 27 -
Dor ey found  t h e  damping c o e f f i c i e n t s  t o  v a ry  a s  a h o u t  t h e  
8 t h  power of  t h e  s t r e s s  a m p l i t u d e .  Thus t h e  damping 
r e s u l t s  o b t a i n e d  a g r e e  i n  m agn i tude  and fo rm  w i t h  t h o s e  
o b t a i n e d  by  Dorey on a  s i m i l a r  m a t e r i a l .
l a z a n  and Tfu  have  c a r r i e d  out  a  s e r i e s  of  t e s t s  on 
m i ld  s t e e l  i n  a l t e r n a t i n g  b e n d in g  (Wohler t e s t ) .  They 
c o n c lu d e d  t h a t  below a  " c y c l i c  s t r e s s  s e n s i t i v i t y  l i m i t ” , 
w h ich  i s  r a t h e r  l e s s  t h a n  t h e  f a t i g u e  l i m i t ,  damping 
c a p a c i t y  d i d  n o t  change w i t h  t h e  number of c y c l e s  of a p p l i e d  
s t r e s s .  Between t h i s  ”s e n s i t i v i t y  l i m i t ” and th e  
* f a t i g u e  l i m i t  t h e y  found t h a t  t h e  damping i n c r e a s e d  w i t h  
t h e  number of  c y c l e s  of a p p l i e d  s t r e s s  b u t  no t  t o  any 
g r e a t  e x t e n t  i n  t h e  f i r s t  h u n d red  c y c l e s .  These  c o n c l u s i o n s  
a r e  c o n s i s t e n t  w i t h  t h e  r e s u l t s  o b t a i n e d  on specimen D3*
5*2 B e f o re  d i s c u s s i n g  t h e  e x p e r i m e n t a l  r e s u l t s  i n  d e t a i l  
some a t t e n t i o n  must  be p a id  t o  t h e  r e l a t i o n s h i p ,  be tween  
r e s u l t s  o b t a i n e d  on a  b e n d in g  spec im en ,  where t h e  s t r e s s  
v a r i e s  f rom  p o i n t  t o  p o i n t ,  and  t h e  more fu n d am e n ta l  
r e s u l t s  w h ich  would be o b t a i n e d  on a u n i f o r m ly  s t r e s s e d  
sp e c im en .
I t  i s  shown i n  S e c t i  on 6 t h a t  i f  a  specim en i n  which 
t h e  s t r e s s  v a r i e s  f rom  0 t o  F ,  h a s  an o v e r a l l  damping 
c o e f f i c i e n t  D(F) t h e n  th e  damping c o e f f i c i e n t  d (F)  of t h e  
same m a t e r i a l  s u b j e c t  t o  a  u n i fo rm  s t r e s s  F i s  g iv e n  by
i n  w h ich  t h e  c o e f f i c i e n t s  depend on ly  on t h e  s t r e s s  
d i s t r i b u t i o n  i n  t h e  spec im en .
A s i m i l a r  r e s u l t  i s  o b t a i n e d  i n  t h e  a n a l y s i s  o f  t h e  
r e l a t i o n s h i p  be tw en  t h e  s t r e s s  d e v i a t i o n  and t h e  moment 
d e v i a t i o n  on a  s i n g l e  l o a d i n g .
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We c an  draw two g e n e r a l  c o n c l u s i o n s  f rom  t h e  n a t u r e  
of  t h e  r e l a t i o n s h i p  s t a t e d  a b o v e .
(1) Due t o  t h e  im p o r tan c e  of  t h e  d e r i v a t i v e s  o f  t h e  
o b s e r v e d  f u n c t i o n  any s h a r p  bends  i n  t h e  o b se rv e d  
r e l a t i o n s h i p  b e tw een  D(F) and F s a y ,  w i l l  b e ,  i f  a n y t h i n g ,  
a c c e n t u a t e d  i n  t h e  d e r i v e d  r e s u l t s  d ( F ) . A w e l l  known 
i n v e r s e  example  of t h i s  e f f e c t  i s  t h e  sm ooth ing  o f  t h e  
y i e l d  c u rv e  i n  a b e n d in g  t e s t  on a r e c t a n g u l a r  spec im en .
(2) F o r  t h e  p a r t i c u l a r  c a se  i n  which  t h e  o b se rv ed  
f u n c t i o n  c an  be e x p r e s s e d  i n  t h e  form  F^- t h e  d e r i v e d  
f u n c t i o n  h a s  t h e  form  bF^- where  t h e  c o e f f i c i e n t  b  depends  
on t h e  i n i t i a l  c o e f f i c i e n t s  an  and t h e  v a l u e  of  t h e  i n d e x  £ .  
Thus f o r  t h i s  t y p e  of r e l a t i o n s h i p  t h e  c o n v e r s i o n  f ro m  
r e s u l t s  o b t a i n e d  on n o n - u n i f o r m l y  s t r e s s e d  specim ens  t o  t h e  
e q u i v a l e n t  u n i f o r m  s t r e s s  r e s u l t  i s  a  c o n v e r s i o n  i n  
m a g n i tu d e  o n ly  b u t  n o t  i n  fo rm .
5*3 D i s c o n t i n u i t y  i n  e x p e r i m e n t a l  c u r v e s .
A prominent feature of the experimental results 
obtained for the deviation moment m, and the 'damping ■ 
coefficient D, is the d i s c o n t i n u i t y  o c c u r r i n g  at high 
stresses - about 2G,0GG lb/inS. D orey  noted a similar 
discontinuity occurring at a  comparable stress. Apart 
from the change  in the n a t u r e  of  the damping—stress c u r v e ,  
time effects in the d e v i a t i o n  moment m results, and changes 
i n  damping, with number of  stress cycles, also became 
apparent at about this same stress.
It is probable that this discontinuity indicates a 
fundam ental change in the damping process and it  seems 
reasonable to discuss separately the results obtained 
above and below  this * critical s t r e s s * .
5*4 mfisu.lts obtained above the critical stress.
The reeuhts obtained, above the critical stress are 
distinguished from the others mainly b y  their magnxtude and
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r a p i d  r i s e  w i t h  i n c r e a s i n g  s t r e s s .  T h is  change i n  
m ag n i tu d e  i s  such  as  t o  make t h e  h y s t e r e s i s  lo o p s  and 
n o n - l i n e a r i t i e s  m e a su ra b le  by a  normal  e x t e n s o m e t e r .  
B a i r s t o w Ts e x p e r i m e n t a l  r e s u l t s  a p p e a r  t o  be c o n f i n e d  to  
t h e  s t r e s s  r a n g e  be tw een  th e  c r i t i c a l  s t r e s s  and t h e  y i e l d  
p o i n t .  I t  i s  p r o b a b l e  t h a t  t h e  r i s e  in  t h e  d e v i a t i o n  
moment c u rv e  above th e  c r i t i c a l  s t r e s s  c o r r e s p o n d s  t o  t h e  
c u rv e d  p a r t  o f  t h e  normal  s t r e s s - s t r a i n  r e l a t i o n s h i p  l y i n g  
b e tw een  th e  l i m i t  of P r o p o r t i o n a l i t y  and t h e  Y ie ld  P o i n t .
From t h e  r e a s o n i n g  g i v e n  l a t e r ,  ( S e c t i o n  5 .52 )  i t  
a p p e a r s  p r o b a b l e  t h a t  h y s t e r e s i s  and o t h e r  n o n - l i n e a r  
e f f e c t s  a t  t h e s e  h i g h  s t r e s s e s  a r e  caused  by t h e  y i e l d i n g  of 
s m a l l  amounts of t h e  m a t e r i a l  h a v in g  a l e s s  t h a n  a v e ra g e  
y i e l d  s t r e n g t h .
5 .5 1  R e s u l t s  o b t a i n e d  below t h e  c r i t i c a l  s t r e s s .
C o n s i d e r in g  t h e  g e o m e t r i c a l  f e a t u r e s  of t h e  h y s t e r e s i s  
lo o p s  a t  s t r e s s e s  below t h e  c r i t i c a l  s t r e s s  -  F i g s .  .4.51 
and 4 .5 2  -  and t h e  c o r r e s p o n d in g  c u rv e  of moment d e v i a t i o n s  
f o r  a  s i n g l e  l o a d i n g ,  F i g .  4.4.3 we f i n d  a com ple te  l a c k  
of com parab le  i n f o r m a t i o n  t h i s  b e in g  due p r i m a r i l y  t o  
e x p e r i m e n t a l  d i f f i c u l t i e s .
" B a i r s t o w ’s measurements  of  h y s t e r e s i s  lo o p in g  a t  
h i g h  s t r e s s e s  d e f i n i t e l y  show t h e  main loop  c u r v a t u r e  i n  
t h e  l o a d i n g  s e c t i o n .  R o w e t t ’ s d e t e r m i n a t i o n  of t h e  loop  
shape i s  b a s e d  on th e  a s su m p t io n  t h a t  t h e  loop  i s  
s y m m e t r i c a l  abou t  an e l a s t i c  l i n e  and so cannot  be r e g a r d e d  
as  c o n c l u s i v e .  Fany i n v e s t i g a t o r s  have  t a c i t l y  assumed 
t h a t  t h e  lo o p  i s  e i t h e r  ev en ly  c u rv e d ,  or has  i t s  main 
c u r v a t u r e  i n  t h e  l o a d i n g  s e c t i o n ,  a s  can  be se en  from th e  
e x p l a n a t o r y  d iag ram s i n  most p a p e r s .
Exam ining  Fig* 4 .5 * 2  we see t h a t  f o r  low s t r e s s e s  t h e  
c u r v a t u r e  of t h e  loop  does occur  i n  th e  l o a d i n g  s e c t i o n .
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As t h e  s t r e s s  a m p l i tu d e  i n c r e a s e s  t h e  c u r v a t u r e  moves 
"back i n t o  t h e  u n lo a d in g  s e c t i o n  u n t i l  a t  s t r e s s e s  j u s t  
"below t h e  c r i t i c a l  s t r e s s  t h e  l o a d i n g  p o r t i o n s  of  t h e  lo o p s  
a r e  v e r y  a c c u r a t e l y  l i n e a r .  I t  a l s o  a p p e a r s  t h a t  t h e  
s l o p e  o f  t h e  lo o p  c u rve  -  i . e .  t h e  i n s t a n t a n e o u s  e l a s t i c  
modulus of  t h e  m a t e r i a l  -  i s  t h e  same a t  t h e  s t a r t  o f  t h e  
u n l o a d i n g  p o r t i o n  f o r  a l l  s t r e s s e s .
C o n s i d e r in g  t h e  d e v i a t i o n  moment cu rv e  -  R i g . 4 . 4 . 3  " 
we see  t h a t  up t o  t h e  c r i t i c a l  s t r e s s  t h e  r e s u l t s  c o u ld  he 
e x p r e s s e d  a p p r o x i m a t e l y  by an e x p r e s s i o n  of  t h e  form 
m = a f n w i t h  n r a t h e r  l e s s  t h a n  2 ,  Double d i f f e r e n t i a t i o n  
of  t h i s  e x p r e s s i o n  would g iv e  t h e  c u r v a t u r e  of t h e  m v e r s u s  f  
l i n e  and s i n c e  n 2 t h i s  would show h i g h  c u r v a t u r e  a t  t h e  
low er  s t r e s s e s  t h e  c u r v a t u r e  d e c r e a s i n g  as  t h e  s t r e s s  
i n c r e a s e d .
Some d c tn f i rm a t io n  of  t h e s e  e f f e c t s  can  be o b t a in e d  
f ro m ’ r e s u l t s  o b t a i n e d  by o t h e r  w o rk e rs  i f  we make some 
s i m p l i f y i n g  a s s u m p t io n s  as  t o  t h e  fo rm  of  t h e  h y s t e r e s i s  
l o o p .  R e f e r r i n g  t o  R i g .  5 - 5 l  assume t h a t  t h e  loop  shape 
i s  made up of  c u rv e s  of t h e  form 
S t r e s s  f  = S 6  -  K 6 n 
Then t h e  e n e rg y  d i s s i p a t i o n  p e r  c y c l e  and lo o p  a r e a  A 
a r e  g i y e n  by
im p ly in g  t h a t  t h e  e n e rg y  d i s s i p a t i o n  sho u ld  v a r y  as
S t r e s s 11*'*’ and t h e  damping c o e f f i c i e n t  as  S t r e s s 11 • Row
i t  ha s  be en  found t h a t  f o r  m odera te  s t r e s s  r a n g e s  t h e  energy
TCd i s s i p a t i o n  v a r i e s  a p p r o x im a te ly  as  S t r e s s  where K i s
(15)
r a t h e r  l e s s  t h a n  3 . Thomson i n  h i s  d i s c u s s i o n  of damping
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c o e f f i c i e n t  v s t r e s s  c u rv e s  s t a t e s  **Vith r e l a t i v e l y  few 
e x c e p t i o n s  t h e  c u rv e s  f o r  s t r e s s e s  w e l l  below t h e  e l a s t i c  
l i m i t  a r e  concave  to  t h e  s t r e s s  a x i s .  At h i g h e r  s t r e s s e s  
t h e  c u rv e  i s  convex to  t h e  s t r e s s  a x i s  g e t t i n g  s t e e p e r  and 
s t e e p e r  a s  t h e  s t r e s s  r i s e s . . . " T h is  would i n d i c a t e  t h a t  i n  
t h e  above d i s c u s s i o n  n s h o u ld  be r a t h e r  l e s s  t h a n  2 , which  
i n  t u r n  i m p l i e s  by  d o u b le  d i f f e r e n t i a t i o n  t h a t  t h e  main 
l o o p  c u r v a t u r e  i s  i n  t h e  u n lo a d in g  s e c t i o n s .
T h is  a p p ro x im a te  r e l a t i o n s h i p .be tween t h e  i n d i c e  of t h e
damping c o e f f i c i e n t  and t h e  p o s i t i o n  of  t h e  main c u r v a t u r e
of t h e  l o o p  can  be c o n f i rm ed  by r e f e r e n c e  to  t h e  d e t a i l s
of  t h e  e x p e r i m e n t a l  r e s u l t s  o b t a i n e d  on specimen D3 * At th e
lo w e s t  s t r e s s e s  t h e  s lope  of t h e  lo g  D -  lo g  R curve  i s
h i g h  and t h e  lo o p  c u r v a t u r e  i s  i n  th e  l o a d i n g  p o s i t i o n .
As t h e  s t r e s s  a m p l i tu d e  r i s e s  f j j l ) f a l l s  and th e* IdTlog R ) /
l o o p  c u r v a t u r e  moves i n t o  th e  u n lo a d in g  s e c t i o n s .  These 
a c t i o n s  a r e  a g a i n  r e v e r s e d  a f t e r  t h e  sh a rp  upward bend i n  
t h e  lo g  D -  l o g . P  c u r v e .
S in c e  t h e  d i f f e r e n c e  be tw en  a l i n e a r l y  e l a s t i c  
m a t e r i a l  and one showing h y s t e r e s i s  l o o p in g  and o t h e r  
n o n - l i n e a r  e f f e c t s  l i e s  i n  th e  c u r v a t u r e  of th e  s t r e s s -  
s t r a i n  r e l a t i o n s h i p  we con c lu d e  t h a t  t h e  e f f e c t s  cau s in g  
h y s t e r e s i s  e t c .  below t h e  c r i t i c a l  s t r e s s  must occur 
p r i m a r i l y  a t  corapar ^ f f iy e ly  low s t r e s s e s .
5•52 P o s s i b l e  n a t u r e  of t h e  h y s t e r e s i s  e f f e c t .
I f  we assume t h a t  p e r f e c t  m e ta l  would show t r u e  l i n e a r  
e l a s t i c i t y  t h e n  t h e  e x i s t e n c e  of  n o n - l i n e a r  e f f e c t s  such  as  
h y s t e r e s i s  l o o p in g  i m p l i e s  i m p e r f e c t i o n  which  cou ld  occur 
i n  one of  s e v e r a l  d i f f e r e n t  ways .  V a r iou s  p o s s i b i l i t i e s  
a r e  -
(a)  t h e  m e ta l  i s  homogeneous b u t  s l i g h t  p l a s t i c  
f low  o c cu rs  a t  a l l  s t r e s s e s  however s m a l l ,
( T o )  The m e t a l  i s  inhomogeneous c o n t a i n i n g  a number 
of  weak p a r t s  w h ich  y i e l d  a t  c o m p a r a t i v e l y  low 
s t r e s s e s ,
(c )  t h e  m e ta l  i t s e l f  i s  of u n i f o r m  s t r e n g t h  "but
c o n t a i n s  i n  i t s  h u l k  s m a l l  d i s c o n t i n u i t i e s  which  
cause, l o c a l  p l a s t i c  f low  by r e a s o n  o f  t h e  s t r e s s  
c o n c e n t r a t i o n  t h e y  p r o d u c e .
In  b o t h  o f  c a s e s  (a)  and (b) we sh o u ld  e x p ec t  t h e  
i n c r e m e n t a l  p l a s t i c  e f f e c t  t o  i n c r e a s e  w i t h  i n c r e a s i n g  
s t r e s s .
C o n s i d e r in g  f o r  example  c a se  (b)
L e t  g de = r e l a t i v e  volume of  m a t e r i a l  f a i l i n g  i n  t h e  
nom ina l  e l a s t i c  s t r a i n  r a n g e  & t o  6  d e .
^ e  s h o u ld  e x pec t  more m a t e r i a l  t o  f a i l  be tw een  say  9 
and 10  t o n s / i n v  s t r e s s  t h a n  be tw een  2 and 3 t o n s / i n ?  s t r e s s , 
i . e .  we sh o u ld  e x p e c t  g t o  i n c r e a s e  w i t h  s t r e s s .  I t  i s  
e a s i l y  shown t h a t  t h e  a c t u a l  s t r e s s - s t r a i n  cu rve  of  t h e  
m a t e r i a l  i s  g i v e n  by  / < /  g de) d6  ; -  t a k i n g  a p p r o p r i a t e  
c o n s t a n t s  of  i n t e g r a t i o n  -  and t h u s  g r e p r e s e n t s  d i r e c t l y  
t h e  c u r v a t u r e  of  t h e  s t r e s s - s t r a i n  r e l a t i o n s h i p .
From t h e  e x p e r i m e n t a l  o b s e r v a t i o n s  i t  was concluded  
t h a t  t h e  p r i n c i p l e  c u r v a t u r e s  o c c u r re d  a t  low s t r e s s e s  and 
s i n c e  t h e  c u r v a t u r e  g i s  assumed f o r  e i t h e r  c a se s  (a.) or
(b)  t o  i n c r e a s e  w i t h  s t r e s s  n e i t h e r  of t h e s e  h y p o th ese s  
a g r e e  w i t h  th e  e x p e r i m e n t a l  f a c t s  e x ce p t  a t  s t r e s s e s  above th e  
c r i t i c a l  s t r e s s .
An e x a c t  a n a l y t i c a l  i n v e s t i g a t i o n  of case  (c)  would 
c o n s t i t u t e  a  m ajor  m a th e m a t i c a l  p rob lem  b u t  f o r  a  
q u a l i t a t i v e  d i s c u s s i o n  we can assume t h a t  a s m a l l  p r o p o r t i o n  
of  t h e  m a t e r i a l  i s  s u b j e c t e d  to  a  s t r a i n  many t im e s  g r e a t e r  
t h a n  t h e  a v e r a g e  • This  c o n d i t i o n  i s  r e p r e s e n t e d  by  th e  
sy s te m  o f  t i e  members shown i n  F i g . 5«52-1* Tf t h e  
a p p l i c a t i o n  of l o a d  -7 c a u se s  an  e x t e n s i o n  x  t h e n  th e  s t r a i n
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i n  member A w i l l  be 2  . . The c o r r e s p o n d i n g  s t r a i n  i n  
member B •wil l  be c o n f i n e d  m a in ly  t o  t h e  necked  p o r t i o n  
and w i l l  have  a  v a lu e  ===. 2  . i t  i s  e a s y  t o  imagine  a 
r a t i o  ^  s u c h  t h a t  when t h e  co m p o s i te  member AB i s  lo a d e d  
member A r e m a in s  e l a s t i c  and member B y i e l d s .  I f  we 
d e a l  w i t h  an  a l t e r n a t i n g  s t r a i n s  =/=■ and ^  X2 t h e  
i n d i v i d u a l  and  c o m p o s i te  l o a d  d iag ram s w i l l  be as  shown i n  
B i g s .  5 . 52.3  and 5*52 .4  r e s p e c t i v e l y .  These h y s t e r e s i s  
lo o p s  have  t h e  same g e o m e t r i c a l  f e a t u r e s  a s  r e g a r d s  
c u r v a t u r e  -  i n  t h i s  c a s e  a  s i n g l e  bend -  a s  t h e  obse rved  
lo o p s  on spec im en  D3 . A lso  f o r  a s i n g l e  l o a d i n g  t h e  l o a d  
d e f l e c t i o n  d i a g r a m  B i g .  5*52 .2  shows a s i n g l e  change of
i v e l y  low s t r e s s  fo l lo w e d  by  a d i s p l a c e d  
e l a s t i c  l i n e .
5•53 S u b s i d i a r y  t e s t s  on n o tch e d  s t e e l  sp e c im en s .
To t e s t  t h e  v a l i d i t y  of  t h i s  s im p le  t r e a t m e n t  of t h e  
e l a s t i c  -  p l a s t i c  c o n d i t i o n s  n e a r  a p o i n t  of h i g h  s t r e s s  
* c o n c e n t r a t i o n  c a r e f u l  t e n s i l e  t e s t s  were made on no tch ed  
spec im ens  h a v in g  t h e  fo rm  shown i n  B i g .  5*53* These 
spec im ens  were  c u t  f rom  t h e  same p l a t e  a s  t h e  o t h e r s  used 
i n  t h e  main t e s t s .  Specimen 1 (unno tched)  and Specimen 2 
(n o t c h e d  as  shown) were used  t o  check  t h e  c o n s i s t e n c y  of 
t h e  m a t e r i a l  and t h e  u l t i m a t e  s t r e n g t h  of  t h e  no tched  
spec im en  r e s p e c t i v e l y *
Specimen 3 was i n s e r t e d  i n  t h e  10 t o n  t e s t i n g  machine 
and a  r o l l e r  e x te n s o m e te r  f i t t e d  over  t h e  2** gauge l e n g t h  
s p a n n in g  t h e  3 n o t c h e s .  A lo ad  of  ‘3000 l b .  was t h e n  
a p p l i e d  and removed i n  s t e p s  of  100 l b .  ex te n so m e te r  
r e a d i n g s  b e i n g  t a k e n  a t  each  s t e p .  A f u r t h e r  l o a d i n g  and 
u n lo a d in g  of  3000 l b .  by  s t e p s  of  500 l b .  was t h e n  made.
The o b se rv e d  l o a d  e x t e n s i o n  d iag ram s  f o r  th e  p r o c e s s  a r e  
shown i n  B i g .  5*53 t n 'whiGh t h e  n o n - l i n e a r  e f f e c t s  have
s l o p e  a t  a  comparer
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b e en  a c c e n t u a t e d  by  s u b t r a c t i n g  f rom  t h e  e x te n s o m e te r  
r e a d i n g s  a  q u a n t i t y  a c c u r a t e l y  p r o p o r t i o n a l  t o  t h e  a p p l i e d  
l o a d .  T h is  f i g u r e  a l s o  g i v e s  t h e  c o r r e s p o n d i n g  l o a d  -  
e x t e n s i o n  c u rv e s  f o r  specimen 4 which  was s u b j e c t e d  t o  
r e p e a t e d  l o a d i n g s  of 2000 ,  2400,  2800 and 3200 l b .
These  o b se rv e d  c u rv e s  c o n f i r m  t h e  s im p le  t r e a t m e n t  
g iv e n  f o r  t h e  e f f e c t s  o f  s t r e s s  c o n c e n t r a t i o n .  The cu rv e  
f o r  t h e  f i r s t  l o a d i n g  of spec im en  3 h a s  a d i s t i n c t  bend 
a t  a bo u t  600  l b .  l o a d  and i s  p r a c t i c a l l y  l i n e a r  t h e r e a f t e r .  
The v a r i o u s  h y s t e r e s i s  lo o p s  a l l  show d i s t i n c t  c u r v a t u r e  
s h o r t l y  a f t e r  t h e  s t a r t  of  l o a d i n g  or  t h e  s t a r t  of 
u n l o a d i n g .
5-54  Brom t h o s e  com par isons  i t  a p p e a r s  p r o b a b l e  t h a t  
damping e f f e c t s  and o t h e r  d e v i a t i o n s  f rom  t r u e  l i n e a r i t y  
a t  s t r e s s e s  be low t h e  c r i t i c a l  s t r e s s  a r e  due t o  th e  
p l a s t i c  f lo w  a t  d i s c o n t i n u i t i e s  i n  t h e  b u l k  o f  th e  
m a t e r i a l .  The e x i s t e n c e  of l a r g e  numbers of d i s c o n t i n u i t i e s  
h a v in g  v a r i o u s  s t r e s s  c o n c e n t r a t i o n  f a c t o r s  would a c c o u n t  
f o r  t h e  sm ooth ing  of t h e  a n g u l a r  lo o p s  cau se d  by a s i n g l e  
d i s c o n t i n u i t y  i n t o  t h e  forms of  t h e  c o r r e s p o n d in g  
e x p e r i m e n t a l  c u rv e s  o b t a i n e d  on t h e  damping spe c im en s .
5*6 C o n c l u s i o n s .
Brom t h e  t e s t  r e s u l t s  and t h e i r  com par ison  w i t h
t h o s e  o b t a i n e d  by  o t h e r  i n v e s t i g a t o r s  I t  i s  conc luded  t h a t
1 .  ’ The a p p a r a t u s  d e v e lo p ed  a s  p a r t  of  t h i s  r e s e a r c h
g i v e s  r e l i a b l e  i n d i c a t i o n s  of  t h e  damping e f f e c t s  i n  
m i l d  s t e e l  specim ens  a t  m odera te  s t r e s s e s .  The 
s e n s i t i v i t y  i s  b e t t e r  t h a n  h a s  p r e v i o u s l y  b een  
a t t a i n e d  i n  s t a t i c  t e s t s .
2 * v?hen a  spec im en  i s  s u b j e c t e d  t o  a  s i n g l e  s t a t i c
l o a d i n g  t h e  r e s u l t i n g  l o a d - e x t e n s i o n  d iag ra m  shows a  
r e g u l a r  d e p a r t u r e  f rom ^ i e  l i n e a r i t y  r i g h t  f rom  t h e  
s t a r t  of l o a d i n g .  This  d e v i a t i o n  v a r i e s  a p p ro x im a te ly
a s  s t r e s s  f n *with n  r a t h e r  l e s s  t h a n  2 .
3* H y s t e r e s i s  lo o p s  m easured  a t  low s t r e s s  a m p l i t u d e s  
show t h e i r  main c u r v a t u r e  i n  t h e  l o a d i n g  p a r t s  of  
t h e  s t r e s s  c y c l e .  As t h e  s t r e s s  a m p l i tu d e  i n c r e a s e s  
t h e  lo o p  c u r v a t u r e  moves h a ck  i n t o  t h e  u n lo a d in g  p a r t  
o f  t h e  s t r e s s  c y c l e ,  t h e  l o a d i n g  p a r t s  becoming v e ry  
s t r a i g h t .  T h is  i s  i n  c o n t r a d i c t i o n  t o  what h a s  
b e en  t a c i t l y  assumed by  many i n v e s t i g a t o r s ,  b u t  a g r e e s  
w i t h  c o n c l u s i o n s  which  can  be drawn f rom t h e  a c c e p t e d  
fo r iy ix he  r e l a t i o n s h i p  b e tw een  damping c o e f f i c i e n t s  
and s t r e s s  a m p l i t u d e s .
4 .  These v a r i o u s  e f f e c t s  a r e  c o n s i s t e n t  w i t h  th e
a s s u m p t io n  t h a t  damping and o t h e r  n o n - l i n e a r  p r o p e r t i e s  
a r e  c a u se d  by p l a s t i c  f low  n e a r  d i s c o n t i n u i t i e s  i n  
t h e  body o f  t h e  m a t e r i a l .
6 . The c a l c u l a t i o n  of  t h e  damping c o e f f i c i e n t ,  or th e  
s t r e s s  d e v i a t i o n  i n  a u n i f o r m l y  s t r e s s e d  t a r t  f rom t h e  r e s u l t s  
.of  a t e s t  on a spec im en i n  which  t h e  s t r e s s  v a r i e s  f rom  p o i n t  
to  -po in t .
G e n e r a l . !Due t o  conven ience  i n  l o a d i n g  and s t r a i n  
m easu rem en t ,  t e s t s  on m a t e r i a l s  a r e  o f t e n  c a r r i e d  out  in  
b e n d in g  or . t o r s i o n  or i n  some o t h e r  manner i n  which th e  
s t r e s s  i s  no t  u n i f o r m  t h r o u g h o u t  t h e  spec im en.  I f  t h e  
q u a n t i t y  b e in g  o b s e r v e d ,  such  as  damping c a p a c i t y ,  v a r i e s  
w i t h  s t r e s s  t h e n  t h e  e x p e r i m e n t a l  r e s u l t s  r e p r e s e n t  an 
i n t e g r a l  of t h e  d e s i r e d  q u a n t i t y  th r o u g h o u t  t h e  specimen.
I t  i s  im p o r t a n t  to  d e v i s e  an a n a l y s i s  whereby such r e a d i n g s  
may be  c o n v e r t e d  t o  t h e  more u s e f u l  r e s u l t s  which  would be 
o b t a i n e d  on a u n i f o r m l y  s t r e s s e d  spec im en,  s i n c e  o th e rw is e  
t h e  damping c a p a c i t y  o f  an a r b i t r a r i l y  shaped p a r t  can on ly  
"be o b t a i n e d  f rom  e x p e r im e n ts  on th e  p a r t  i t s e l f ,  or  s c a l e  
models of i t .
Some forms of t h i s  a n a l y s i s  have  been  g iv e n  by 
ffoppl,  Hadai  (, 8 ) ,  Thompson, and i n  t h e  d i s c u s s i o n  of H o re y ’s 
p a p e r .  A l l  t h e s e  d e a l  w i t h  t h e  s im ple  c a se s  of a c i r c u l a r
r o d  i n  t o r s i o n  or  a  ■ r e c t a n g u l a r  s e c t i o n  beam i n  u n i f o r m
bending•
6 .2  A n a l y s i s  o f  damning, c o e f f i c i e n t s .
T ak in g  t i ie  damping coefficient as  p r e v i o u s l y  d e f i n e d  
l e t  D ( s )  -  o v e r a l l  damping c o e f f i c i e n t  o f  t h e  spec im en
when s u b j e c t e d  t o  a  maximum (as  r e g a r d s  p o s i t i o n  
I n  t h e  spec im en)  a l t e r n a t i n g  s t r e s s  1*. 
d ( f )  = damping, c o e f f i c i e n t  of t h e  m e t a l  when s u b j e c t e d  
t o  a  u n i f o r m  a l t e r n a t i n g  s t r e s s  f .
I f  t h e  s t r e s s  f  a t  any  p o i n t  I n  t h e  specimen I s  d e f i n e d  
as  a  f r a c t i o n  P of  t h e  maximum s t r e s s  I*, i . e .  f  = /* ? ,  t h e n  
t h e  s t r e s s  -  volume d i s t r i b u t i o n  can be r e p r e s e n t e d  by  a  
f u n c t i o n  v o f  f i  s u c h ' t h a t  t  d f  = volume o f  m a t e r i a l  I n  
t h e  s t r e s s  r a n g e .
P y  t o  (/* +  d £ )  P .
I f  f u r t h e r m o r e  i e  assume t h e  h y s t e r e s i s  lo o p s  to be 
so s m a l l  a s  t o  make p r a c t i c a l l y  no d i f f e r e n c e  t o  t h e  e l a s t i c  
modulus of  t h e  m a t e r i a l  -  t h e n  
The maximum s t r a i n  e n e rg y  
s t o r e d  I n  t h e  spec im en
tr&
■ and t h e  t o t a l  e n e rg y  d i s s i p a t e d  p e r  c y c l e
* 2 > (F)  - f ? J  0 V  d e  ------Sqn ( 1 )
By I n t e g r a t i o n  t h e  t o t a l  e n e rg y  d i s s i p a t i o n  p e r  c y c l e  
i s  a l s o
/ a !*




• Sen  (2 )
r )  e  ctC  — /  </. ( e r f  C *vr ci f  •.** Sqn (3)
The right hand infc egral can be expanded as
 — etc.
+  F * - J ^ * f e ( r) } f ] >f ^ v d ^ d £ < d e  - -  . .Y e n  {
£
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And t h u s  f ro m  e q u a t i o n s  ( 3 ) and (4)
D (f)  = Aq d (? )  -  A2 V ±  { d ( F ) j  + A3 F2 [ d ( F ) j  . . .  e t c .
. . . . . .  E q n . ( 5 )
* - f a r * ?  a J J f v d s * ewhere Ax -  <k------------------ = 1  A2 ■   A, = . . e t c .
j r y m p  J ^ e l « -* ce  3
From equa , t ion  (5), .  D(f ), and i t s  s u c c e s s i v e  d i f f e r e n t i a l s ,  
w i t h  r e s p e c t  t o  F, can be e x p r e s s e d  a s
d (F )  F d ' ( ? )  F2 d*(F)
C o e f f i c i e n t s
D ( f )  z Ai -  A2 A^ ............  e t c . )
F D ( f )  -  0 (Aq •  A2 ) (*A2 + ^ 3 ) • • • • • • .  e t c  •)
F2DH(F) '« 0 0 (AX -  2A2 ♦ 2A3 )  e t c . )
............... I q n .  ( 6 )
where p r im e s  i n d i c a t e  d i f f e r e n t i a t i o n  w i th  r e s p e c t  t o  F .
From t h e s e  e q u a t i o n s  ( 6 ) d (F )  can  be d e te r m in e d  by form ing  
a l i n e a r  f u n c t i o n
d (F )  = B i  D(F) -+-B2F d ' ( F ) + B 3 F2 d “ (F)  e t c  Eqn(7)
t h e  c o e f f i c i e n t s  B b e in g  c ho sen  so as  t o  e l i m i n a t e  t h e  
d e r i v a t i v e s  o f  d ( F ) .  Fo r  t h i s  c o n d i t i o n s t h e  B ’s a r e  g iv e n  by
Bx = i -  = X
Al
B2 = 
B3 = ( “A3 ) B-^  -f- (A2 * 2A3 ) B2 
TI-l -  2A2 ^  2A3 )
e t c .
^he v a l u e s  of B^, B2 and B^ f o r  s e v e r a l  specimen shapes  of 
s p e c i a l  i n t e r e s t  have  b e e n  c a l c u l a t e d  and a r e  a s  f o l l o w s
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Specimen v * t ( f ) 3 2 b 3
Unifo rm  s t r e s s
D i r e c t  t e n s i o n  o r  t h i n  t u b e
i n  u n i f o r m  t o r s i o n
a e r o  up t o  P  
c l o s e  t o  1 .
1 0 0
Specimen u s e d  i n  t h i s  
s e r i e s  of  t e s t s
E x p r e s s e d
g r a p h i c a l l y
1 + 0 .7 9 5 *0 .4 66
R e c t a n g u l a r  b a r - u n i f o r m
b e n d in g
C o n s t . 1 1 + "3 0
jI
S o l i d  c i r c u l a r  s e c t i o n  -  
u n i f o r m  t o r q u e
C o n s t ,  x  P 1 _  1 +  *-■ 4
0
Bar v i b r a t i n g  i n  
f u n d a m e n ta l  l o n g i t u d i n a l  
mode o r  t h i n  t u b e  i n  
u n i f o r m  b e n d in g
/  n  -  p 2 )
1 + 0 .1 7 7 - 0 .0 1
S o l i d  c i r c u l a r  s e c t i o n  i n  
u n i f o r m  b e n d i n g .
/ ( i  -  p 2 ) 1 + 0 .4 6 3 1*0 .0 3 2
*  $TJ3. I f  t h e  damping t e s t  i s  c a r r i e d  ou t  "by t h e  method of 
l a t e r a l  d e f l e c t i o n  i n  t h e  ^ o h l e r  t e s t  t h e n  t h e s e  c a se s
c o r r e s p o n d  t o  u n i f o r m  s t r e s s  and v * c o n s t  x  P  r e s p e c t i v e l y
and t h e  c o r r e s p o n d i n g  c o e f f i c i e n t s  sh c u ld  he  u se d .
I t  w i l l  he  n o t i c e d  t h a t  t h e  d e r i v a t i v e s  o f  t h e  obse rved  
f u n c t i o n  a r e  o f  some im p o r tan c e  i n  t h e  f i n a l  r e s u l t  and 
h ence  t h e  above a n a l y s i s  i s  most u s e f u l  when t h e  e x p e r im e n ta l  
r e s u l t s  can  he e x p r e s s e d  i n  some s im p le  fo rm .  Bor t h e  
p a r t i c u l a r  c a s e  i n  w h ich
D ( r )  = a  Bn 
d(B) = B i  a  En + B2 B a  n  B n * V  S3B2 a  n ( n - l ) B n “ 2 e t c .
a a  t  n  B2 ( n - l )  B3
i«e»  d(B) s  c o n s t a n t  x  BCR) where th e  c o n s t a n t  i s
d e te r m in e d  by  t h e  shape of  t h e  specimen and 
t h e  o b se rv ed  v a lu e  of in d e x  n  •
6 •3 A n a l y s i s  of  s m a l l  amounts  o f  p l a s t i c  d e f o r m a t i o n  i n
a spec im en  s u b j e c t e d  t o  a  u n i f o r m  "bending moment b u t  o f  
v a r y i n g  c r o s s - s e c t i o n .
T h is  a n a l y s i s  w h ich  may he u se d  t o  o b t a i n  t h e  s t r e s s
moment d e v i a t i o n  m o b se rv e d  on a  b e n d in g  spec im en  ( s e e  F i g .  6 . 
i s  r a t h e r  more d i f f i c u l t  t h a n  t h e  damping a n a l y s i s  g i v e n  i n  
S e c t i o n  6 .2 .  We c a n n o t  p r e d i c t  f ro m  t h e  s t a r t  t h e  c u rv e  
i n t o  w h ic h  th e  sp e c im en  w i l l  bend  and hence  i t  i s  on ly  
p o s s i b l e  t o  d e a l  w i t h  c a s e s  i n  w h ic h ' ' t h e  d e p a r t u r e  f rom  t r u e  
l i n e a r i t y  -  t h e  p l a s t i c  s t r a i n  or  t h e  s t r e s s  d e v i a t i o n  -  
i s  s m a l l  compared w i t h  t h e  t o t a l  s t r a i n  or  t o t a l  s t r e s s .
(T h is  r e m a r k  does  not, o f  c o u r s e  a p p ly  t o  t h e  c a se  o f  a  beam 
w i t h  a u n i f o r m  c r o s s - s e c t i o n )  • The m ain  c a s e  of  i n t e r e s t  
i s  t h a t  o f  t h e  spec im en s  u sed  i n  t h e  p r e s e n t  s e r i e s  o f  t e s t s  
which  a r e  o f  r e c t a n g u l a r  c r o s s - s e c t i o n  -of u n i fo rm  
w i d t h  b , a n d  d e p t h  d vary ing,  a lo n g  t h e i r  l e n g t h .
L e t  f  * s t r e s s  and s * s t r a i n  and l e t  f  s  S s  t  f S W  
where  E -  Youngf s modulus (See F i g .  6 . 3 ( a ) ) .  Taking  a  
r e c t a n g u l a r  s e c t i o n  B x  d s u b j e c t  t o  a  maximum s t r a i n  S 
and assu m in g  / ( s )  t o  b e  a  s y m m e t r i c a l  f u n c t i o n  t h e  t o t a l  
moment ¥  ( F i g .  6 . 3b)  i s  g i v e n  by
d e v i a t i o n  jZf(s) i n  a u n i f o r m l y  s t r e s s e d  spec im en  f rom  t h e
If s
d/ 2






6 M _ 3
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S
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I f  a s  assumed jZf(s )«E s  t h e n  t h e  v a l u e  of  S f o r  t h e  i n t e g r a l
te rm  may he  t a k e n  as  and t h i s  g i v e s
bd 2E
s  8 Ko( -  e k ^ 2  /  s ds   Eqn ( 8 )
6nwhere  K -  ^  w h ic h  i s  c o n s t a n t  a lo n g  t h e  spec im en  and
ri -  1$2  'wbich v a r i e s  a lo n g  t h e  spec im en .
I f  now t h e  i n t e g r a l  t e rm  i s  expanded by p a r t s  a s  i n  
S e c t i o n  6 . 2
2 I
s d sd s
ds
. . . . .  Eqn ( 9 )
How r e p l a c e  %f(Ke<), f (K oC) e t c  by t h e  a p p r o p r i a t e  
K a c l a u r i n  s e r i e s
2
i . e .  J ^K oC)  = 0 ( K * o ) -h  (KOC -  0 ' ( K * t o ) + ^  E , °  " 0 n {K<^,)
. . . .  e t c .
0 ’ (E « O  = 0' (K<to ) + { K X  -  K<*0 ) 0 * ( K « . O) ..............
0 h (K<* ) = 0 "  (K<( q ) ...............
swd s u b s t i t u t in g  t h i s  in  eq u a tio n  (9 ) we o b ta in
S = K<X -  2  / |  0  ( j ^ )  +  E (^  -  g 5 ) 0'{-K*o )
5 .  , 2 J  J  r\ A r ^  **• )
K2 ( ) jZf»{E<*0 ) . . .  e t c
I f  © r e p r e se n ts  angu lar d e f le c t io n  and x  d is ta n c e  a long  th e  
specim en th en
d£ = 2S
dx d
• . ' e s / s §  d.x and s u b s t i t u t in g  fo r  S from eq u ation  10
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we o b t a i n
e = 2 K / f  C z * 0 ) j l ^  -  f  0 ' ( K < < O) \ f ( £  - | | j  dx
-  % -  0*{K<t.o ) J ^  ■ +  ) d x   e t c .
The v a l u e s  o f  t h e s e  i n t e g r a l s  have  "been o b t a i n e d  g r a p h i c a l l y  
and by  c a l c u l a t i o n  f o r  t h e  specimen t a k i n g  o<0 a t  t h e  minimum 
s e c t i o n ,  and  a r e  2320 ,  1 9 .0 ,  -1164 and ■#■ 82000 r e s p e c t i v e l y .
Thus
e = 4640 K -  f  0  ( K X 0 ) +  2 2 2 ®  £ > (K * 0 ) .  1 2 ^ 0 0 e 2 ^ “ (Eo(o) .
— e t c . . . .Eqn. ( l l )
I n v e r t i n g  t h i s  e q u a t i o n  by  a s i m i l a r  p r o c e s s  t o  t h a t  used 
b e tw een  e q u a t i o n s  (5)  and ( 7 ) S e c t i o n  6 .2  and a l s o  s u b s t i t u t i n g  
t h e  a c t u a l  moment M = we o b t a i n
0  (EoCq) ■ 0  (maximum s t r a i n )
-  2462M -  526000 [ e +  1 . 53M | |  + 0.38M2 f j ^  . . .  e t c j
. . . .  Eqn. 12
I t  i s  now n e c e s s a r y  t o  c o n s i d e r  t h e  r e l a t i o n s h i p  i f  t h i s
e q u a t i o n  t o  t h e  o bse rv ed  q u a n t i t i e s .  R e f e r r i n g  t o  E ig .  6*3
and assume f o r  t h e  t im e  b e in g  t h a t  t h e  c o n d i t i o n s  a r e  p u r e l y
e l a s t i c  i . e .  / ( s )  r  m * 0 , K B k© and -  A .r ' dli k
S u b s t i t u t i n g  t h e s e  v a l u e s  i n  e q u a t i o n  (12) we can  o b t a i n  |
t h e  nom ina l  e l a s t i c  s t i f f n e s s  of  t h e  specimen 
i . e .  0 = 2462K -  526000 f e  +  1 .5 3  kS.
= 2462M -  2 .5 3  x  526000 e .
M -  2 ’ ^ 2 4 6 2 " ~  6 = ^41 e
• • A n gu la r  s t i f f n e s s  * $41 l b . i n . / r a d .
T h is  v a lu e  - checks e x a c t l y  w i t h  t h a t  o b ta in e d  by a 
s i m j l e  g r a p h i c a l  c a l c u l a t i o n ,  and a l s o  w i th  th e  e x p e r im e n ta l
e s u l t s .
E q u a t i o n  (12) g i v e s  0  (maximum s t r a i n )  i n  te rms of t h e  
p l o t  i f  g v  I ,  I t  i s  more c o n v e n ie n t  t o  o b t a i n  / ( s )  i n  term s
of t h e  m v 0 r e l a t i o n s h i p .  F i r s t  e l i m i n a t e  t h e  l a r g e  
l i n e a r  p a r t  of e q u a t i o n  (12) by  t h e  s u b s t i t u t i o n
9 * -  'Y -  Y  b e i n g  d e f i n e d  i n  F i g .  6 . 3 .
T h is  g i v e s
• *»
B 526o c o [ 1 + 1 .5 3  K ^ + 0 . 38M2 h i  . . .  e t c 71
3m2
On f u r t h e r  s u b s t i t u t i o n  of M - 5419 and m * 5 4 1 Y we f i n a l l y  
o b t a i n
^(smax) s 973 £m +* 1*53® + 0.330"- § ......... 7
^9 ^
and t h i s  g i v e s  t h e  s t r e s s  d e v i a t i o n  f o r  a u n i f o r m ly  s t r e s s e d  
specim en i n  t e rm s  of  t h e  moment d e v i a t i o n  i n  a bend ing  t e s t .
I t  w i l l  be n o t i c e d  t h a t  i f  m » c o n s t a n t  x  9n t h e n  t h e  above 
r e l a t i o n s h i p  c an  b e  e x p r e s s e d  i n  t h e  form  
0 ( Smax) = c o n s t a n t  x  m 
where t h e  c o n s t a n t  depends 011 t h e  v a lu e  of  th e  index  n .
7 • methods  of l o a d  and s t r a i n  measurement  t r i e d  d u r in g  
d eve lopm ent  o f  a p p a r a t u s .
7*1 Oneof t h e  m a jo r  d i f f i c u l t i e s  i n  t h e  development  of 
th e  a p p a r a t u s  d e s c r i b e d  was t h e  s a t i s f a c t o r y  measurement 
of  t h e  e x t e r n a l  moment a c t i n g  i n  th e  pendulum. S e v e r a l  
d i f f e r e n t  sy s te m s  of l o a d  and d e f l e c t i o n  measurement  were 
t r i e d  b e f o r e  t h e  s a t i s f a c t o r j r  pneum atic  sys tem  was d e v is e d  
and i t  may be of  some v a lu e  to p l a c e  on r e c o r d  a b r i e f  
d e s c r i p t i o n  o f  t h e s e  methods and why t h e y  were i n  f a c t  
u n s a t i s f a c t o r y .
7 .2  The f i r s t  method t r i e d  was t o  p l a c e  l o a d in g  w e ig h ts  i n  
9* s c a l e  pan  w h i l e  a  b a l l  f i x e d  to  t h e  h o r i z o n t a l  l o a d in g  arm 
of th e  machine  r e s t e d  be tw een  a p a i r  of s t o p s  mounted on a 
s m a l l  screw j a c k  a s  shown i n  F i g .  7«2 .  I t  was in te n d e d  to 
obse rve  t h e  d e f l e c t i o n  due t o  a g iv e n  lo ad  by o p e r a t i n g  t h e  
screw j a c k  u n t i l  t h e  b a l l  j u s t  f l o a t e d  between t h e  s to p s  
t h i s  c o n d i t i o n  b e in g  i n d i c a t e d  by a s im ple  sys tem  of e l e c t r i c a l
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c o n t a c t s .  T h is  scheme was found  v e r y  t e d i o u s  to o p e r a t e  
due t o  a s low humping o f  t h e  whole sy s te m  be tw een  th e  
s t o p s ,  a l t h o u g h  t h i s  f a u l t  was somewhat a l l e v i a t e d  by 
a r r a n g i n g  a slow s t e a d y  motor d r i v e  t o  t h e  m ic ro m e te r  
sc rew .
The s e r i o u s  f a u l t  m en t ion ed  on page 13  i . e .  t h e  $ 
i m p o s s i b i l i t y  of  a t t a i n i n g  a  b a l a n c e  under  c e r t a i n  
c o n d i t i o n s  was however a p p a r e n t  and i t  was d e c id e d  t h a t  the'  
load s y s te m  must be  su e h  t h a t  i n  p r a c t i c e  t h e  d e f l e c t i o n  
9 sh o u ld  f i r s t  be f i x e d  and th e  r e q u i r e d  l o a d i n g  moment m 
should  t h e n  be d e t e r m i n e d  by  some form  of s p r i n g  b a l a n c e .
7*3 F o l lo w in g  t h e  r e a s o n i n g  g i v e n  above a  s im ple  s p r i n g  
sys tem  was d e v i s e d  w i t h  o p t i c a l  measurement of lo ad  and 
d e f l e c t i o n .  R e f e r r i n g  t o  F i g .  7 -31  d e f l e c t i o n  of t h e  
pendulum and spec im en  i s  c a r r i e d  ou t  by r o t a t i o n  of a 
t h r e a d e d  r o d  i n t e r p o s e d  be tw een  a  c a n t i l e v e r  s p r i n g  and 
th e  end of  t h e  h o r i z o n t a l  arm of  t h e  a p p a r a t u s . M i r ro r s  
11^  and M2 mounted on t h e  s p r i n g  and arm r e s p e c t i v e l y  g iv e  
an o p t i c a l  i n d i c a t i o n  of  lo a d  and d e f l e c t i o n .
R e a d in g s  were  f a i r l y  e a s i l y  o b ta in e d  by  t h i s  scheme
b u t  d u r i n g  o p e r a t i o n  r a t h e r  v i o l e n t  o s c i l l a t i o n  of  th e
whole sy s te m  o c c u r r e d  and t h i s  was o n ly  s lo w ly  dampfed o u t .
As a  r e s u l t  of t h i s  two s u c c e s s i v e  r e a d i n g s  A and B
(see  F i g .  7 . 3 2 ) would n o t  be t h e  r e s u l t  of f o l lo w in g  th e
d i r e c t  p a t t e r n  AS b u t  r a t h e r  t h e  r e s u l t  of f o l lo w in g  out
t h e  su p e r im p o sed  s e t  o f  lo o p s  shown, and t h i s  would c a s t
doubt  on any r e a d i n g s  o b t a i n e d  by  t h i s  method.
aiwoe
7*4- The d i f f i c u l t y  m ent ioned  v%n cou ld  be overcome by 
g r e a t l y  i n c r e a s i n g  t h e  s t i f f n e s s  of t h e  m easu r ing  s p r i n g  and 
v a r i o u s  methods were c o n s i d e r e d  whereby a r e l i a b l e  i n d i c a t i o n  
° f  a s m a l l  d e f l e c t i o n  r  s a y  0 . 0 0 1 1* -  cou ld  be o b t a i n e d .
A f t e r  r e j e c t i n g  t h e  p o s s i b i l i t y  of  m ec h an ica l  or 
M echan ica l  -  o p t i c a l  sys tem s -  on t h e  grounds of  p o s s i o l e  
f r i c t i o n  w h ich  would be  of t h e  same o r d e r  as  t h e  lo a d  b e in g
- 44 -
measure  d , -  t h e  e l e c t r o n i c  d e v ic e  shown i n  P i g .  7 .4  was 
c o n s t r u c t e d .  Here d e f l e c t i o n  of t h e  s p r i n g  S causes, a  
change i n  t h e  cs ,ps .c i tance  of Cp. T h is  cond.enser a lo n g  
w i t h  a v a r i a b l e  c o n d en se r  Cgj i s  c o n n e c te d  i n  t h e  tu n e d  
c i r c u i t  of  a r a d i o  f r e q u e n c y  o s c i l l a t o r  and t h e  o u tp u t  
f r e q u e n c y  i s  v e r y  a c c u r a t e l y  matched w i t h  t h a t  f rom  a 
s t a b l e  c r y s t a l  o s c i l l a t o r .  Thus t h e  r o t a t i o n  of  C2 can 
he c a l i b r a t e d  a g a i n s t  t h e  lo a d  e x e r t e d  a t  t h e  s t r a i n i n g  
screw and m easurem ents  o b t a i n e d  by  what i s  b a s i c a l l y  a 
n u l l  m ethod .  The c i r c u i t  was f i r s t  t r i e d  w i t h  a  l a r g e  
p i c k - u p  u n i t  c a p a b le  of m ea su r in g  lo a d s  up to  abou t  20  l b .  
and was fo u nd  t o  be a c c u r a t e  and r e l i a b l e .
’Then, however ,  i t  was a ssem bled  w i t h  a n ' a p p r o p r i a t e  
p i c k - u p  i n  t h e  main a p p a r a t u s  i t  was found  im p o s s ib le  t o  
o b t a i n  s t e a d y  r e a d i n g s  i n  th e  m ete r  1 C .  At t h e  t im e  t h i s  
was a s c r i b e d  t o  some Undetermined f a u l t  i n  t h e  r a t h e r  
complex e l e c t r o n i c  c i r c u i t  -  condense r  Cl w i t h  i t s  now 
ve ry  s m a l l  gap  b e in g  p a r t i c u l a r l y  s u s p e c t .  I t  i s  now 
c l e a r  t h a t  t h e  r e a l  f a u l t  l a y  i n  th e  co m b in a t io n  o£_ the  
v e ry  s t i f f  s p r i n g  - " i th  th e  m ass ive  pendulum sys te m .  This  
whole a r r a n g e m e n t  would have a v e ry  sm a l l  damping c o e f f i c i e n t  
and t h u s  o s c i l l a t i o n  of  t h e  m e c h a n ic a l  sys tem ,  due t o  
m a n i p u l a t i o n  of  t h e  s t r a i n i n g  screw would t a k e  a v e ry  long 
t im e  t o  d i e  o u t .  T h is  would p r e v e n t  any a f f e c t i v e  
n u l l  measurement  o f  l o a d .  In  a d d i t i o n  i t  i s  now known t h a t  
t ime e f f e c t s  can  s , r i s e  i n  th e  r e a l  measured lo ad  on th e  
specim en and t h i s  would a l s o  impede t h e  t a k i n g  of n u l l  
me a s u r  erne n t  s .
7*5 Two sys tem s  i n  which ope ra t i o n  i s  by s e t t i n g  a 
d e f l e c t i o n  and t h e n  s lo w ly  v a r y in g  an a p p l i e d  lo a d  u n t i l  
b a l a n c e  i s  a 1 1 a i n e d .
I n  t h e  f i r s t  of t h e s e  sys tem s fF ig . 7 . 5 ) th e  m icrom eter  
d e f l e c t i o n  screw i s  mounted on an arm a t t a c h e d  t o  th e  sh a a t  of 
3- sm a l l  (7 5  w a t t s )  m o to r ,  ^Balance i s  au-oained by ^etssing a
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c u r r e n t  t h r o u g h  t h e  a rm a tu r e  ( t h e  "brushes h a v in g  "been 
removed and f i n e  w i r e s  s o l d e r e d  t o  t h e  a p p r o p r i a t e  
commutator s e g m e n t s ) .  T i t h  a f i x e d  f i e l d  c u r r e n t  and 
a s m a l l  a r m a tu r e  c u r r e n t  t h e  a rm a tu r e  t o r q u e  i s  p r o p o r t i o n a l  
t o  t h e  a rm a tu r e  c u r r e n t .  The c u r r e n t  i s  v a r i e d  by  a  
s e r i e s  r e s i s t a n c e  and m easured  "by a m i l l i& m m e te r . The 
c o n d i t i o n  of  "balance i s  i n d i c a t e d  by  a s im p le  s y s te m  o f  
s t o p s  and e l e c t r i c a l  c o n t a c t s .
I n  t h e  second  of t h e s e  two s y s te m s ,  t r i e d  a f t e r  
u n s a t i s f a c t o r y  r e s u l t s  w i t h  t h e  f i r s t ,  th e  use  of  th e  motor 
as  a l o a d  m ea su r in g  d e v ic e  was d i s p e n s e d  w i t h .  I n s t e a d ,  
u s i n g  t h e  motor o n ly  a s  a b e a r i n g  a  p i e c e  of  i / 8 1* d i a .  
b r a s s  w i r e  a b o u t  2 f e e t  lo n g  was suspended  from, th e  
motor arm n e a r  t h e  s t o p s  ( see  a l s o  P i g .  7»5)* T h is  w i r e  
was i n s i d e  a b u r e t t e  and by v a r y i n g  t h e  l e v e l  of  w a te r  i n  
t h e  b u r e t t e  a  s u i t a b l e  r a n g e  of l o a d  011 t h e  motor arm cou ld  
be o b t a i n e d .
B o th  of t h e s e  sys tem s showed t h e  same f a u l t s  as  t h e  
sy s te m  d e s c r i b e d  i n  S e c t i o n  7 -4  i . e .  i t  p roved  im p o s s ib le  
t o  o b t a i n  s t e a d y  n u l l  r e a d i n g s .  At t h i s  s t a g e  t h e  
c o n c l u s i o n s  g i v e n  a t  t h e  end i n  S e c t i o n  7*4 were formed 
and i n  view of t h i s  i t  was d e c id e d  t o  d e v e lo p  some form 
of a u to m a t i c  b a l a n c i n g  sy s te m .  T h is  l e d  t o  t h e  pneumatic  
sys tem s  d e s c r i b e d  i n  3 e c t i o n 3 . 5 o f  t h e  main t e x t .
8 • 1 The S t a b i l i t y  o f  t h e  pneum atic  lo a d  measuring, d e v i c e s .
The pneum a t ic  lo a d  m easu r ing  d e v ic e  used  i s  only  
p r a c t i c a b l e  when p r o p e r l y  d e s ig n e d  t o  g iv e  s t a b l e  o p e r a t i o n .  
The Leonhard  s t a b i l i t y  c r i t e r i o n  h a s  been  used  i n  t h i s  
d e s i g n  and may be b r i e f l y  s t a t e d  a s  f o l l o w s .  Suppose t h e  
d i f f e r e n t i a l  e q u a t io n  c o n t r o l l i n g  a r e s p o n s e  z i s  of t h e  
fo rm  (Ln + aD11*1 -t bD31-*2  K) z  * 0 .  How r e p l a c e  t h e
d i f f e r e n t i a l  o p e r a t o r  D by th e  f a c t o r  iw,
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t h e  f u n c t i o n  i n  "brackets
( i  “w)n 4- a  ( i  w)n ~ l
w i l l  d e f i n e  a  l o c u s  i f  w i s  t r e a t e d  a s  a  v a r i a b l e
( se e  F i g .  8 . 1 ) .  T h is  l o c u s  w i l l  r o t a t e  t h r o u g h  a n  a n g le
n 77"
—p -  b e tw een  w s  0 and w s  oO t and forms t h e  Leonhard  
s t a b i l i t y  d i a g r a m .  I t  i s  known t h a t  t h e  s o l u t i o n s  o f  t h e  
o r i g i n a l  e q u a t i o n  a r e  a l l  s t a b l e  ( i . e .  n e g a t i v e  e x p o n e n t i a l s  
or d e c a y in g  s i n u s o i d a l )  p r o v i d e d  t h a t  t h i s  l o c u s  e n c i r c l e s  
t h e  o r i g i n  of t h e  d ia g ra m .
8 .2  Simple  pheum atic  s y s te m ? -
R e f e r r i n g  To F i g .  8 . 2 1 ,  a s s u m e ' t h a t  t h e  o u t l e t  f lo w  
r a t e  i s  p r o p o r t i o n a l  t o  t h e  o u t l e t  a r e a  and t h e  sq u a r e  r o o t  
of  t h e  p r e s s u r e  d i f f e r e n c e .  F o r  t h e  c o n d i t i o n s  of s m a l l  
d i s t u r b a n c e  p and x  shown.
O u t l e t  f lo w  r a t e
Y 4- v = c o n s t a n t  x  (X-/-x) 1/  ( |  * p )  
s  1  {X + x)
wher e s
S I  (Z + x )  
 = and
Under no rm al  c o n d i t i o n s
A d d i t i o n a l  o u t l e t  f low
p r o d u c t  t e r m  i n  p x .
The normal  i n l e t  f low  r a t e  i s ^  “  S’ „ P and t h e  
R 2R
v a r i a t i o n  on t h i s  due t o  t h e  d i s t u r b a n c e  p w i l l  be -  §
• . T o t a l  i n c r e m e n t a l  i n f lo w  t o  th e  chamber ( o f  c a p a c i t y  C) 
due t o  t h e  d i s t u r b a n c e s  p and x  w i l l  be
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c  I f  s  "  r  "  1  ( S  t  &  )
x  r
Xs
I n  a d d i t i o n  M
I f  n dp , 1  XX . 1




ap -  l  
M " I s
7 .  c * 3P .  , I  H  a ^ p l
/  7 H  1 S 2= 1 d,2  J
C o n v e r t i n g  t h i s  t o  t h e  o p e r a t i o n a l  fo rm  and s u b s t i t u t i n g  
iw f o r  t h e  d i f f e r e n t i a l  o p e r a t o r  D we o b t a i n
— iw3 ■» i  ( 2L —f— \ w2 -t~ & l> ,s
: ■ C R 2s ' , CM
a s  t h e  lo c u s  of  t h e  Leonhard d ia g r a m .  This  t a k e s  t h e  form 
shown i n  R ig .  8 .2 2  and as  t h e  d ia g ra m  l i e s  w h o l ly  below 
t h e  r e a l  a x i s  t h i s  sy s te m  :ican n o t  p o s s i b l y  g i v e  s t a b l e  
o p e r a t i o n .
8 .3  Same pneum atic  sys tem s  b u t  w i t h  v i s c o u s  damping of  
t h e  re ndulums -
As i n  S e c t i o n  8 .2  t h e  pneum atic  e q u a t io n s  l e a d  t o
I s
b u t  f o r  t h e  m otion  of  t h e  pendulum we have
ap = IS ^ 5  +  dx 
d t 2 «
U s ing  a  p r o c e s s  s i m i l a r  t o  t h a t  i n  S e c t i o n  8 .2  we o b t a i n  as  
t h e  e q u a t i o n  of t h e  Leonhard s t a b i l i t y  l o c u s .
f b  / 1 , LX \ 2 ] , faJsS 2 [ i  f .
[  MC  ^ R 2s 5 “ w_/ /(3M “  ^ C 1 5
(D t . m »  / L / f 9 / 1 J 1 . XX /  . b %urn t ~  ) -  W I ^  CM -  W ( £  j "  2S '  ^
T h is  w i l l  c r o s s  t h e  im a g in a ry  a x i s  a t
wn
a X s
2   CM
1 ( I  + J&1+  £
c ( R 2 sJ  M
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If the diagram 5 s to encircle the origin then the coefficient
2
of i-w must' he positive at this value of w
a h  s
. . Por stability — ( — *♦*— ______9£
MC R 2s i f i *  s ?  + 2
C / B  2 s  J  ¥
S ince  a l l  t h e  q u a n t i t i e s  c o n ce rn e d  a r e  n e c e s s a r i l y  p o s i t i v e  
t h i s  c o n d i t i o n  w i l l  he s a t i s f i e d  i f
a  L s
• f  1C I R ' 2 s J  .
and t h i s  g i v e s  t h e  r e q u i r e d  s t r e n g t h  b of  t h e  v i s c o u s  
d a s h p o t .
1
8 .4  P i n a l  pneum atic  u n i t ; -
I n  t h e  f i n a l  d e s i g n ,  v i s c o u s  damping h a v in g  b een  
found, i m p r a c t i c a b l e ,  t h e  damping p r o c e s s  was i n t r o d u c e d  
i n t o  t h e  p n e um a t ic  u n i t  a s  d e s c r i b e d  i n  S e c t i o n  3.53* The 
e q u a t i o n s  of  t h i s  sy s te m  (see  P i g .  8.4; ) a r e  r a t h e r  more 
complex b e in g  of t h e  f o u r t h  o rd e r  i n s t e a d  of t h e  t h i r d  as 
were t h e  p r e v i o u s  s e t s .  R e f e r r i n g  t o  P i g .  8 .41  i n  which  
t h e  i n l e t  and o u t l e t  j e t s  a r e  s i m i l a r  and th e  s t e a d y  
s t a t e  c o n d i t i o n s  a r e  g iv e n  i n  c a p i t a l s  and t h e  d i s t u r b a n c e s  
i n  t h e  lower  c a se  l e t t e r s .
Plow i n t o  t h e  main chamber of ' c a p a c i t y  Cq.
= L (X +  y ) ( s  -  £ | )  -  I  (X +  x ) ( s +  f | )  -  ~.-P-2 -  A
Q, d t
■where L and s have  t h e  same s i g n i f i c a n c e  as  i n  S e c t i o n  8 . 2 .  
I g n o r i n g  t h e  p r o d u c t s  yp^ and xp-^ we o b t a i n
B1 77 ^  « I s  (y  -  x)  -  -  -- I . - P£ -  A ............. (1)dt s q dt
The r e l a t i o n s h i p s  be tw een  pq and t h e  o th e r  q u a n t i t i e s  a r e
tut d2x  . d2x  . a  (2 )w a  pp • . o “ M * *...........   v )
dt 2 at*
I g n o r i n g  t h e  r e l a t i v e l y  sm a l l  e f f e c t  of t h e  be l lo w s  
movement on p r e s s u r e  P2
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Cn U ? 2  = P I -  P2 P i  “ P2 = Q, 02 ..........
d td t
P i  = Q, c 2 +. p2  (4 )
a t  ^
y  = o( (px -  p2 ) r z o(% C2 ^=|2. ...................( 5 )
at ^
Sy m a n i p u l a t i o n  of E q u a t i o n s  ( l )  to, ( 5 ) we can e l i m i n a t e  
a l l  t h e  v a r i a b l e s  o t h e r  t h a n  P2 and t h e  f i n a l  ope r a t i o n a l  
e q u a t i o n  i s
and t o  f a c i l i t a t e  t h e  i n t e r p r e t a t i o n  of t h i s  f u n c t i o n  l e t  
i t  he r e p r e s e n t e d  by
C o n s i d e r in g  t h e s e  t e rm s  one by  one t a k e  f i r s t  of a l l
t h e  f u l l  s t a b i l i t y  f u n c t i o n  f o r  t h e  s im p le  pneumatic
d e te r m in e d  by  t h e  " s t a t i c "  d e s i g n  of t h e  u n i t ,  i . e .  main 
j e t s  and pendulum mass ,  and t h u s  f o r  any g e n e r a l  l a y o u t  
f u n c t i o n  02  i s f i x e d *  f u n c t i o n  0 j_ r e p r e s e n t s  t h e  e x t r a  
l a g  i n t r o d u c e d  to  t h e  sys tem  by th e  choke Q, l e a d in g  t o  the  
b e l lo w s  and ms,nometer, w h i l e  0 4 i s  t h e  e x t r a  c a p a c i t y  
i n t r o d u c e d  to Cp by th e  a c t i o n  of t h e  s p r i n g  b e l l o w s .
I h s p e c t i o n  of t h e s e  f u n c t i o n s  when wi i s  s u b s t i t u t e d  
f o r  D ( s e e  F i g .  8.4- ) shows t h a t  0^ g iv e s  on ly  a  v e r t i c a l  
d i s p l a c e m e n t  t o  p o i n t s  on t h e  s t a b i l i t y  l o c u s .  How i f  
t h e  f i n a l  l o c u s  i s  t o  e n c i r c l e  t h e  o r i g i n  i t  must c r o s s  and 
r e c r o s s  t h e  im a g in a ry  a x i s  and w he th e r  or no t  t h i s  occu rs  
i n  d e t e r m i n a b l e  f rom t h e  r e a l  p a r t s  of th e  f u n c t i o n
( 6 )
{( 0 l )  [ 0 2 J  +  (# 3 ) + 0 a ]  (P2 ) 0
f u n c t i o n  0 2•  Sy i n s p e c t i o n  t h i s  c o r r e s p o n d s  e x a c t l y  t o
s y s te m  of S e c t i o n  8 . 2 .  X, X, s ,  C-j_, M and a  a r e  a l l
(0 1 ) [  0 s j  + 04-
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0 n s u b s t i t u t i o n  t h e s e  a r e
(1  + M )  w4 _ -  ^  % w2 L s a
°1  f t S C1D2 ft M c x C2
I f  uve t r e a t  t h i s  a s  an  a q u a t i o n  f o r  d e t e r m i n i n g  t h e  v a l u e s
2
of wn a t  w h ich  t h e  l o c u s  c r o s s e s  t h e  im a g in a ry  a x i s  t h e n  
i t  must have  r e a l  s o l u t i o n s  and hence  a s  a  f i r s t  c o n d i t i o n  
f o r  s t a b i l i t y
T  -w 2
/ _±L-£------- \ *___. /_ A£v *L s a
I q s c i  C2 ) (1 f  c7)Cx' Q I  Cx C2
• • f t k  c f 5 "  a  ■'-  ( 7 )
H r
and t h i s  p l a c e s  an  upper  l i m i t  on t h e  v a lu e s  of  QC2 and A o( . 
I t  Yd 11  be n o t i c e d  on p u r e l y  p h y s i c a l  r e a s o n i n g  t h a t  i f  
t h e  b e l l o w s  and choke Q were f i t t e d  w i t h o u t  t h e i r  su bseq u e n t  
a c t i o n  on t h e  i n l e t  v a lv e  t h e y  would t e n d  t o  have an  
u n s t a b i l i z i n g  e f f e c t  on t h e  sy s tem  s i n c e  t h e y  would i n c r e a s e  
t h e  i n i t i a l  t im e  l a g .  These p r im a r y  c o n s i d e r a t i o n s  e n su re  
t h a t  t h e  l o c u s  d iag ra m  w i l l  c r o s s  t h e  im ag in a ry  a x i s  t h e  
r e l e v a n t  v a l u e s  of w^ b e in g
2 - Vwn = w-
where  wx2 -   L X
2 8 ft Cx 02 (1  +  j £ )
and
I f  ^  % 7  “ 4- ( 1 +  — ) ^  8 3J/.ftBCx C2 J  Cq'ftM C1C2
( 8 )
2 (X + M )
C1
Complete s t a b i l i t y  of t h e  sys tem  w i l l  be ensu red  i f  i n  
a d d i t i o n  t h e  l o c u s  i n t e r s e c t s  t h e  r e a l  a x i s  a t  some p o i n t  to  
th e  l e f t  o f  t h e  o r i g i n .  C o n s i d e r a t i o n  of  t h e  im ag inary  
p a r t s  o f  e q u a t i o n  6 ( w i th  iw s u b s t i t u t e d  f o r  D) shows t h a t  
t h i s  i n t e r s e c t i o n  o c cu rs  a t
and hence  t h e  f i n a l  s t a b i l i t y  c o n d i t i o n  i s  o b t a i n e d  by 
n o t i n g  f rom  t h e  d ia g ra m  t h a t  t h i s  v a lu e  of wr  ^ must l i e
pbe tw een  t h e  two v a l u e s  of  wn
i . e .  ^ x 2 -  £  wr 2 <C wx2 £_ . . . . . ( l O )
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